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FOREWORD

Nonconv ex programm ing computer programs are an essen t ia l

part of the effective practice of operations research as appliedp
to military , industrial, and economic problems . Many such pro-

grams, however , fail to conver ge, find only local optima , or
become unstable when applied to large problems.

This paper documents a computer program that can be applied

to a broad range of nonconvex programming problems . The program

is important in that it finds a global optimum in a finite number

of steps , and has proven to be stable for large problems .
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A.  INTRODUCTION

Mathematical programming , a fundamental tool of operations

research, is frequently used to find solutions to optimization
problems arising in the analysis of military, industrial and

economic models. The utility of linear programming, applicable

to models in which all equations are linear, is well known and

one reason for the widespread use of linear programming is the

availability of computer codes for solving linear programming

problems. Many important problems , however , canno t be conven-
iently modelled in a linear framework . A brief survey of recent

literature reveals nonlinear programming applications to missile

allocation , failure diagnosis , media selection for advertising,

facility location , chemical process scheduling, design of

sewers, and so forth. For these types of analyses, nonlinear

optimization problems must be solved .

A major difficulty that arises in nonlinear programming is

the existence of local optima . Except when certain convexity

conditions obtain , nonlinear programming codes in general cannot

guarantee that the answers they produce are globally optimal .

Although the use of local optima may be useful in some cases ,

basing analyses on local optima rather than global optima

defeats the purpose of engaging in mathematical programming.

It is therefore noteworthy when a computer code becomes

available that can guarantee a global optimum for a large class

of nonlinear programming problems——the class of separable ,

piecewise linear problems——in a finite number of steps. Further ,

the code can generate piecewise linear approximations to any

separable , continuous optimization problem and find a globally

optimal solution of the approximate problem. The code has been

1
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tested on a wide range of problems , an d the size of pro b lems
that can be handled is limited only by computer storage and run

time considerations.

The code is based on an algorithm by James E. Falk of The

George Was hington Univers ity. A theoret ica l treatment of this
algorithm Is reprinted in Appendix A , which also des cribes some
of the background of this approach. The algorithm uses branch-

and-bound to generate a sequence of linear programming sub-

problems.

An earlier realization of this algorithm , the NUGLOBAL code 1 ,

was found to have serious stability deficiencIes In its linear

programming subsection when applied to large problems . The

code described in this paper , which is embodied in a program

named MOG G, was therefore developed to be stable and also to

F correct some other, less serious, computational inefficiencies.
In particular , a linear programming package designed by John A.

Tomlin of Stanford and adapted by Paul F. McCoy of IDA was

incorporat ed into the new co de. This linear programming
package has proved to be trustworthy .

This paper Is divided into seven parts: Part B concisely

describes the types of problems the code will solve, and the

details of computing piecewise linear approximations to separable ,

continuous optimization problems; Part C Is a user ’s guide

explaining the input necessary to run Program MOGG; a sample

problem appears in Part D; Part E present s a flowchart of the

algorithm as implemented in this code; Part F remarks on some

of the error messages that may be encountered during a MOGG run ;

and Part G comments on some of the important variables and

tolerances used by the code .

1Hoffman , Karla R, N U G L O B A L - - (J B e r ’s Ouide~ Technical Memorandum
Serial TM—614866 , The George Washington University Program in
Logistics , Wa shington, D.C., March 1975.
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Appendix A has already been described. Appendix B Is a

description of the linear programming package and Appendix C

contains a complete FORTRAN listing of Program MOGG.

B. PROBLEMS TO WHICH MOGG APPLIES

Consider the problem P—l

rminimize F1
(x )

where x (x ...x )1 n

P—l subject to F1(x )  ~ b~ 1=2,.. .,q

F1(x) = b1 i q+l ,.. .,m

~ x~ ~ uj j=l ,. . .,n .

• We will assume that all F1(x) are continuous over the

rectangle ~ x~ ~ u,~ j=l ,. . .,n (this condition is actually
• somewhat stronger than necessary, see Appendix A). With no

further restrictions , this problem in general cannot be
solved. However , if each F.(x) is separable , i.e., if each

F .( x )  can be wr it ten
n

F1
(x )  = 

~ 
Fi.(x.),

j=l ‘~

then we can approximate Problem P—l by a piecewise linear

problem in the following manner. Consider Figure 1 which , we

will imagine , depicts some F1~ (x~ ) for ~ X
j ~ u,~. Let us

divide the interval [2., u ] into t intervals by specifying the
point s {z~~ Z

j~~~
. . . , z~ }, which we shall call “cuts ” where all

that we require is

. 0 19. z < z. < ° ~~~ •<  z :  = uj  j  .J 3 j

Now we define a new function ~1~ (z~~) for 9~ ~ Z
j ~ u~ as

follows:

3
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F ..(x .)

Il

Figure  1. A TYP ICAL  F~~~(x~~)

z_ z k I \
~ij

( z j) = ~~~~ (~
F1j

(z~~~~) _ F
i j

(z~~)) 
+ F1j (z~~)

for z~ ~ [z~~ z~ ], k=0,.. ., t-.1.

It is easy to see that ~1~ ( z~ ) Is continuous and piecewise
linear . Figure 2 shows the approximation ~jj(Zj) to the function
F1~

(x~ ) of Figure 1, for the choice of {z,~ . . .z~ } shown (here t=6).

z
i

Figure 2. THE A P P R O X I M A T I N G  FUNCTION
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When and U
j 

are finite , as is often the case in applications ,

then it follows from the first theorem of Weierstrass that by

Increasing t, and by judicious choice of the cut points

(z~~.. .z~ }, we can approximate F11 (x
1
) arbitrarily closely

(according to most of the standard measures of “closeness ”).

In this way we have constructed an approximation to Problem

P—l which we shall call P—2 :

n
minimize F1

( z )  ~ F~~.(z4)
j=l ~

• where z = ( z . . .z )1 n

n
P—2 subject to F1

( z )  ~ F. .(z.) ~ b i=2 ,. . ., q
j=l 13 3 I

~~~ 
~1~ (z~~) = b1 i=q+l , . .

~ Z~ ~ U
j 

j = l ,. . . ,fl .
Program MOGG constructs the Problem P-2 from P—l and finds

an optimal solution thereof. Interested readers are referred

to Appendix A , which discusses this approach in greater detail

and which describes and rigorously justifies the algorithm

employed by MOGG.

C. U S E R ’ S  GUIDE ’

This section provides the information necessary to use

Program MOGG . The notation is from Section A. We make the

fol low ing conven tion s. For any var iable X
j~~ 

if at least one

Fi.(x.) is nonlinear , that is , if it is not  of the form a11
.x j

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

‘In this section , ~ will represent “zero ” and 0 will represent
the letter “oh.”

5
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where aij is a constant , then we will say that x~ is a nonlinear

variable. Otherwise , we will say that X
j 

is linear. If X
j 

is

linear , then Program MOGG assumes L~ = 0 and uj = +~~. When
this is not the case , then treating xj as a non linear var iable
with 1 cut to enforce the upper bound is permissible. Follow-

ing are the input specifications for MOGG .

Two types of input are required: a user—supplied sub-

routine and data cards. We describe the subroutine first .

S u b r o u t i n e  G E T P H I

One component of input necessary to use MOGG is

Subroutine GETPI-II (I, J, X, F). Called by MOGG , and given the

values of I, J , and X , GETPHI must set F equal F1~ ( X ) . The
value of X supplied by MOGG will always equal some cut z~~. The
value of J will never correspond to a linear variable. At

• present , no user—supplied read—in capability is provided. It

is an elementary matter to modify MOGG to build in such a
• ca p a b i l i t y .

Data  C a r d s

Specification Card

C o l u m n s  E n t r y  F o r m a t

1—5 NMROWS - the number of rows of 15
Problem P—l , corresponds to m of
Section A. Note that this includes
the objective function.

6-10 NUMVAR - the number of columns of 15
Problem P—l , corresponds to n.

11—15 MAXLP — the maximum number of calls 15
to the linear programming subsection
permitted (100 is a typical choice).

16—20 KBUB, = 1 if an upper bound for the 15
optimal solution is to be provided ,
otherwise leave blank.

6
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21—25 IXPRIN , 1 if the user wants printed IS
all feasible point s found , otherwise
leave blank.

26—30 Ki , = 1 if the user wants all LP 15
solutions printed , otherwise
leave blank. 

-

31—35 K2, = 1 if the user wishes to see the IS
packed LP matrix at the beginning
of the run , otherwise leave blank.

36— ’l O K3,  = 1 will print LP iteration IS
information . Use for debugging
only——leave blank for general use.

141—145 K/4, = 1 if the user wishes to see the 15
branch and bound list after each
stage is completed.

146—50 K 5, = 1 if the user would like to 15
scale the LP matrix by dividing

• each row by a power of -2 near the
geometric mean of the largest and
smallest (in absolute value) nonzero
entries in that row.

Upper Bound Card

This card is included only if KBUB = 1 on the Spec i f i c a t i on
Card . It contains the user—supplied upper bound (Format : F1O.6).

R e l a t i o n  C a r d s
p

These cards specify the row type. Enough cards are

necessary to allow 2*NMROWS columns which are considered to be

numbered sequentially. Column s 1 and 2 contain bO (b=blank ,

0=zero). For k=2 , . .  . ,NMROWS , column s ~k—1 and 2k contain

— 1 If row k of the input problem is an equality,
bi if row k is an inequality (only ~ is allowed).

Contrary to the notation used for Problem P—i , inequalities

and equalities may be listed ifl any ordei~.

7
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Convexity Cards

These cards contain the convexity flags. Enough cards are
necessary to provide NMROWS column s, numbered sequentially.

Column k contains a 0 if k l  or if row k of the input problem
represents a nonconvex constraint . If row k represents a

convex cons tra int, column k contains a 1. When unsure , the

user should use a 0.

Bound and Cut Cards

For each variable , there is a set of cards as follows.

Columns 1—5 of the first card contain the variable number

(format 15). These numbers must start at 1 and increase up to

NUMVAR . Columns 6—10 contain the value of the variable NOINC
(format 15). For linear variables , NOIN C = 0 and no fur t her

• entries or cards are required . For nonlinear variables , NOINC

is the number of cuts desired for this variable. NOINC is the

• same as “t” in Section A. If NOIN C ~“ 0, then columns 11—15
must contain either “AUTO .” or “MANU .” (format A5). The period

must appear . If “AUTO .” appears , MOGG will automatically make

the cuts. The next card must contain the values of L~ (columns

1—10) and u
1 

(columns 11—20) for this variable (format 2FlO.6).

No further cards are then needed. If “MANU .” appears , then the

values of z~
’ to z~~~~

1 must appear , in order , on the next cards.

Eac h z~ occupies an Fl0.6 field . As many cards as necessary

are to be used.

Right Hand Side Cards

Enough cards are required to provide NMROWS FlO.6 fields.

These contain , in order , the right hand sides of Problem P—l

(the b1). The first field , corresponding to the objective

function , must contain 0.0.

k
8
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Linear Variable Cards

For each linear variable , in order , enough cards are

required to provide NMROWS Flø.6 fields. The kth field contains

the coefficient of the lInear variable in row k.

Variable Names Cards

Enoubh cards are required to provide NUMVA R A5 fields.

These contain , in order , alphanumeric names for the variables.
If no variable names are desired , then a su f f i c i en t  number of
blank cards must be supplied .

Problem Title Card
I

Finally, one card must be provided for the problem title .

Any alphanumeric expression will do.

D . SAMPLE PROBLEM
I

• This problem is discussed in Section 14 of Appendix A.

Minimize  2x~ — 9x~ + 9x , — 2x~ + 9x~ — 9x 2

subject to 6x~ — 18x2 < 0

—6x~ + 18x 2 < 9

0 ~ x 1, x 2 ~ 3.
Figure 3 is a listing of the subroutine GETPHI. Figure 14

reproduces the data cards for this problem. Figure 5 shows the
MOGG output . This run took 3.7 seconds of CPU time (on a CDC 61400

com pute r) .
ç UI-S I-(II’ T !Mr (,I~ 1PM ! ( 1~~.~, x ,F

F~~~~ 
.11

• j n f l  T F (J . F( .f l F I ? .*X e*~~
_
~~..~~e~~.9. .X

2n~ T F ( J .r(
~. 1 5 F z ~~..X*X

O El LI Ic~ -
3~~s 5 T F ( • J .F ( • . 1  )~~~~ ( — A . ) * X * A

• T F(J . r ( ~. ? 5 F = ( 8 .*x

FNP

F igure 3. SAMPLE GETPH I
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PROGR 1M MOGO ..F1N~S ~~~~~~ SOLUIIONS TO APPROXIM ATE PROBLEMS

paoBL~ M I F O TI

3ROWS
2VAH IABLES

100 I.P PROBLEMS WILL BE SOLVED

M OW TYPE
n I l

CONVEXITY FLAR S——

010

VAN IAR LE CARD S REPMOO UC EO——

I bAuTn.
0. 3.~ OO

P AA ,JTO .
0. 3.000

KIIS CARD (S) RFPRODUCF :D——

0. O~ 9.000

FOR YOUR IN FODMAT IUN VAR I ABLE N U MBER KLO KRO

1 1 7
2 8 14

STARlING 70 ITEPA It

STAG E . P R O óLEM LOW ER BOUND UPPER BOUND BRANC ,41N0 VAR IAR L F

—3 .667 —2 .667 2

DONE WITH TwI~ STA ~~
018. —3 .66? RUB . —2.667 , BRANCHING ON PRORLEN 0.0. VARIA R L E NUMRER 2

1.1 LB GI fu R

1.’ —3.500 —2 .000

—3.SoO —2.000

DONE WITH T,.ulc STA~€
618. —3 .çOR • Ru B —2.667 , RRA NC HIP4G ON DRORLEN 1.3. VARIABLE NUMBER

2.1 —2.857 .2.887 0

2.) LB GT fUR

DONE WITH TsI~ STM*
WLB. •3.~ o,, • RUB. —2 .057  • RRAN CHIN G ON PRORLEM 1.2’ VARIABLE NUMBER a

3.1 —2 .857 —2.087 0

1., LB GT fUR

p 
~~~.5 ~~MPLt PR OBLEM

ORJECTIv E FIJNCTION A T OPTIMUM —2.A57

VAR IA BLE VALUES AT UPTIM UM——

X2
1.71ö 1.000

F igure 5. MOGG SAMPLE OUTPUT
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Note some of the features of the output . The KLO , KRO
column s display the limits of the “k—sets ” of Appendix A , which

are stored as a single variable array. For computational pur—

poses, linear variables are assigned a k-set in which KLO equals

KRO . MOGG pr ints  “ STARTING TO ITERATE ” a f t e r  complet ing i ts
data storage routines , and begins the branch and bound proce-.

dure . Problems are numbered by their stage and their position

in that stage . Af t e r  completion of each stage , a best lower
bound (ELS) and a best upper bound (SUB), if any , are displayed .

If no best upper bound is found , SUB will  be set equal to l .E70 .
If no upper bound is found for an individual problem , the word
NONE will appear. In Problem 1.1, LB GT BUS indicates that the

lower bound for that branch is greater than the best upper

bound present ly known , so that  no fu r the r  invest igat ions  along
that branch will be pursued . Problem 2.1 displays “0” as t he
branching variable to indicate a terminal node of the branch

and bound tree.

Additional information can be requested on the specifi—
• cation card . Most of the resulting displays are self explanatory,

however , the user should be aware of the following:

• When Kl=l , the LP solution will be printed in
“packed” form so that basic variables which
are equal to zero will be omitted .

• When K2=l , the packed (zeros omitted ) matrix
will be printed by columns going across the
page, with the row number beneath the entry .
An identity matrix is annexed to the left
of the struc tural mat rix.

• When K3~~ , the user should refer to Appendix Bfor an explanation of the LP iteration printout .

• When K14=l , the column beneath “FLAG” con~,ains
the pointer used to divide the k—sets (x’ in
Appendix A).

12
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E. ON THE ALGORITHM

Appendix A contains a thorough description of the

algori thm . Figure 6 is a flowchart representing the MOGG
implementat ion of th i s  algorithm using some notat ion from
Appendix A. The variable NOLEFT is the number of problems

left to solve in any given stage .

The linear programming code used by MOGG is described In

Appendix B, and listed in Appendix C. It was chosen for its

numerical stability, an important consideration when trying

to solve “real world” problems .

F. ERROR E X I T S

MOGG makes numerous diagnostic checks throughout its

• operation and , under some circumstances , will terminate. When

this happens , a self—explanatory diagnostic message will be
• printed along with a reference to the region of the code where

the error occurre d .

G.  VARIABLES AND TOLERANCES
These common b locks  provide in te r rou t ine  communica t ion  for

MOGG. Block /FIRST/ contains mostly main program variables ,

while /WORK/ and /BLOCK/ are primarily for the use of the

linear programming subsection . Among the important variables

are the following (see Section A and Appendix A for terminology):

K L O ( I ) ,  KRO(I): These define the lower and upper
boundaries of variable I’s
original k—set.

This array is used by LINPRG to
return optimal LP so lu t ions

LFLG : LINP RG uses th i s  to ind ica te  In f e a s i—
b il it y  of a subproblem .

CUTS : This array stores all the cuts z~

13
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Figure 6. MOGG LOGIC

CStart )~~

Read in data
Set up problem
N OLEFT=l
[~ UB= o 0 unless provided

Solve next problem in this
stage. Set LB for this prob —
lem equal to optimal objec-
tive function value , if any

I
NOLEFT = N OLEFT - 11

Is this problem infeasible YES
or is LB > BUB?  

___________

NO G±5tag3
Put problem on list , along
with LB and information for
tracing back up branch and
bound tree

~1[ C reate
~~~1

rCompute branching variable , if any ,
[for this problem and store it on list

( 
Is ~ a feasible point NO
of the approximate problem?

1 YES
Compute objective function value
of 8. If less than Bun , replace
BU B by this value

~~~~~~~~ S NOLEFT ;Ø? 
(continued on 

~~~~~~~~~~~~~~~~~ - - - --~~~~~~~~~~~~
_ - - _

~~~~
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F ig ure 6 . MOGG L O G I C  ( con ’t)

I
Find lowest value of LB
of those nodes remaining
on the list. Call it BLB

____________________ 

which~~
generated

Branch on node the present
corresponding to value of BUB.
the present value 

~ is an on ti—
___________ of BLE . Remove it mal solution

from the list. ________________

Begin a new stage ,
set NOLEFT equal (Ex it)
to 2 or 3

ZLSTNO -
~~ Seven arrays that constitute the list

ZLSTPA I representing the branch and bound tree.
LSTKL ZLSTNO stores stage and problem numbers ,

P LSTKR ) : ZLSTPA stores the number of the immediate
ZLSLB predecessor of each problem , LSTKL and
IBRVR J LST}CR are the lower and upper boundaries
FLAG of the k—sets which distinguish this

problem (only the k—sets relating to
the predecessor ’s branching variable

• are stored). ZLSLB is the objective
funct ion value computed for this problem.
IBRVR is the branching variable for this
problem and FLAG is used to determine
the new k—sets when branching on this node .

• A , IA: These are used to store the packed LP
array .

B: This array stores the right hand side
values.

e

U
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There are f ive to lerances spec ified by DATA statements
which are used by MOGG .

BUBTOL: Used to remove Insignificant differences when testing
for the smallest BUS.

FEASTL : Margin within which ~ will be considered feasible.
DIFFTO : Removes insignif ican t di f ferences when choos ing a

branching variable.

DONTOL: When BUS an d BLE are within DONTOL of each other , the
problem will be considered solved .

CUTTOL : Use d to determ ine when t he part it ion indica tor ( FLAG )
for a k—set falls on a cut .

All other tolerances are used by the linear programming
subsection and should be changed with caution . A discussion

of LINPRG tolerances is contained in Appendix B.

The arrays are presently dimensioned large enough to solve

most problems of interest. If the user wishes to redimension

the arrays, he is referred to the COMMENT statements at the
• beginning of the MOGG code (see Appendix  C). Note that  the

variables MAXVAR , MAXCUT , LSTMAX , MAXROW and MAXA must be

ass igned new va lues.  At presen t , MOGG can handle

100 Original variables

1100 Total cuts

100 Rows
700 Entries in the branch and bound list
5000 Nonzero elements in the packed

linear programming array .

The MOGG routine has performed well on a CDC 61400 with

60—bit words. If round—off problems appear when the code is

implemented on machines with smaller words , conv ers ion to
double precision is recommended .

16
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1. INTRODUCTION

An algorithm for finding global solutions of nonconvex

separable problems was developed by Falk and Soland [3] and Soland

[8]. The method is based on the branch and bound philosophy and

yields a (generally infinite) sequence of points whose cluster

points are global solutions of the problem. The implementation

of the method is severely limited by the necessity of computing

convex envelopes [4] of the functions involved although a number

of applications of the method have been made (e.g., [5], [9]).

These applications were possible because of the special structure

of the functions involved (e.g., concave or piecewise linear).
p

The traditional method for treating separable problems

involves calculating piecewise linear approximations of the func-

tions defining the problem and applying a modification of the

P simp lex method to the resulting problem (see, e.g., Miller [7 1) .
The modification amounts to a restriction on the usual manner of

selecting variables to exchange roles (basic to nonbasic and vice

versa) and will yield a local but not necessarily a global solu—

• tion of the approximating problem.

In this paper we present a method that will yield a global

solution of the approximating problem referred to above. The method

• 
is similar to the Falk—Soland algorithm but takes advantage of the

special structure of the resulting approximate problem and employs

the branch and bound philosophy to set up and monitor the solutions

of a finite sequence of linear subproblems.

A—l
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Recently Beale and Tomlin [1] announced that they have developed

a similar algorithm which they have incorporated into their UMPIRE

mathematical programming system [10]. ~ -.‘ iasic idea of their method

is the same as that of the algorithm detailed herein although their

rules for selecting branching nodes and branching variables are dif-

ferent, being developed from an integer programming point of view

while ours are modifications of the rules developed in the Falk—Soland

method [3] and its extension by Soland [8].

The problem which we address has the form

minimize F (x)

problem Q subject to Fi(x) ~ 
bi I = 1, ...

-• where I and L are finite lower and upper bounds respectively on x

We assume that each F. (i O ,1,2,...,m) is separable, i.e.,

n
• F~~(x) = ~ F1

.(x .) i =

j=1 ~

and that each F . .  is continuous. As extension to the case where
13

F1~ 
Is piecewise continuous is covered in Section 5.

In Section 2 we define the approximating problem of problem Q
and construct the problemS obtained by replacing each of the functions

involved by their convex envelopes. A related problem is simultaneously

introduced and shown to give a sharper underestimate of the optimal

value of the approximating problem than does the convex envelope prob-

lem. It is this related problem which the branch and bound procedure

solves first to get estimates on the optimal value of the approximating

problem and to set up new problems if the estimates do not yield a

global solution.

A—2
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A detailed analysis of the complete method is given in Ssction 3
and an example follows in Section 4. Some computational considerations

are given in Section 5.

2. THE APPROXIMATING PROBLEM AND CONVEX ENVELOPES

The approximating problem of the original problem Q is obtained
by replacing each function ~~ by a piecewise linear approximation

over the interval (9.~~L~ ] . One common method (see, e.g., [7]) that

is employed involves selecting p 4 + 1 grid po ints y 0 . . . , y  in
-I :1 jp~

[I , L I where y = 9. and y -L and using convex combinationsi i  j j jp j i

of the numbers F ij ~~~~~ 
and ~~~ (Y j , k+1~ 

as approximations to the

values of F1~~(x~) over the subinterval 1
~jk’~ j k÷11 . Figure 1

illustrates this type of approximation.

F1~

L
i 

— 

~j o Yj 1 Y12 

X
j

Figure 1. PIECEWISE LINEAR APPROXIMATIONS
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Mathematically, we obtain this approximation by setting

F
1~~

(x
~
) ~ f~~~(8~~) where

f
11
(0
1
) = 

k~K 
°jk~

’
ij~~

’jk~ 
(2.1)

where K
1 

(O , i , . . . , p . }  ~~~~~~~~~~~~~~~ if

I O kY k
_ X  ( 2 . 2 )

ksK . ~ j
3

1 0 k~~~~ 
(2 .3)

kcK
1 

~

6. > 0 kcK . (2.4)

and if we add the further restriction that at most two of the weights

(e
lk 

kcK
1
} are nonzero, and if two are nonzero, then these must

correspond to adjacent grid points. This last restriction is necessary

since without it one may obtain any point in the convex hull of the set

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

which lies on the vertical line

passing through x
3 

. As we shall have occasion to refer to this

restriction later, we make the following definition.

The Adjacent Weights Restriction (AWR): Let KCK . be a set of

consecutive integers. The set of numbers 
~
o
k : kcK} satisfies the

adjacent weights restriction if at most two of these numbers are nonzero,

and if 0 , 0 > 0  then either s t — l  or s = t + l .
is jt:

We shall use the symbol f . . (0.) to denote the function defined
13 3

by expression (2.1) and the symbol f
11

(x .) to denote the function

f~~(e~) constrained by relations (2.2), (2.3), (2.4) and the AWR.

Thus f~1
(6
1
) denotes a linear function of the variables

while f
11

(x
1
) n0te5 a piecewise linear function

L~
•
~
-s
_ _ _  

_ -
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of the single variable X
j 

such as that illustrated in Figure 1.

Likewise
n

— I (8 )
i—i I I

and

= 

j~ l 
f
ij
(
~
c
j
)

for i = O,l,2,...,m .

By replacing each F
11

(x
1
) by its piecewise linear approximation

fij
(
~
c
j
) , we obtain the following approximate problem

- n
minimize f (0) = 1 1 0. F .(y . )

j=1 kcK . 
jk 0]  jk

J

n
subjec t to f.(8) 1 1 0 . F. .(y . ) _ b

j l  kcK . j k ij jk i (i = 1,... ,m)
3

problem P -
I = 1 (j = 1,...,n)

kcK . ~
3

~ 0 (j = 1, . . .  , n ; kcK
1
)

(O ik : kcK .} satisfies AWR (j = 1,...,n)

Here 8 = (e l ;O 2 ; . . . ;0 ) = (01o,...,el ;020,...;...;0 o,...,0fl
)

The solution value of this problem is offered as an approximation to the

solution value of the original problem , prob lem Q. The solution point
*0 of problem P yields - an approximation to the solution of problem Q

via the relat ions (2 .2 ) , i. e . ,

X = ~ =

kcK . ~
3

Problem P is the usual prob lem that is addressed when seeking

solut ions of separable programs (see , e.g. , [7]). The method of

“solutio&’ involves genera ting a basic feas ible solution of the linear

A-5
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program associated wi th problem P that satisfies the AWR. A

modification of the simplex method is then used to sequentially

change the basis until a local solution of problem P is obtained.

This modification amounts to a restricted basis entry rule which
insures that the AWR are always satisfied by the basic feasible

solution associated with each stage of the simplex method. Thus the

only nonbasic variables 0jk that may enter the basis at a given

iteration are neighbors of existing basic variables. If such a

variable is chosen to enter the basis, the outgoing basic variable

must be chosen so that the new basic feasible solution satisfies

the AWR . It may be shown that this method will yield a local

solution of problem P, so that if problem P is convex, the solution

will be a global solution. In particular, if prob lem Q is convex,
then so is P and a global solution is assured.

In this paper we are concerned with a method that will

produce global solutions of problem P. The method may be considered

a specialization of the method of Falk and Soland [3] and the exten—

sion described by Soland [8). In this method it is necessary to

compute “convex envelopes” of all functions involved in the problem

description over appropriate intervals. A number of convex sub—

problems are then set up and solved with the branch and bound philos—

• ophy monitoring the solution values of these problems and guiding
• the creation of new subproblems . The convex envelope of a function

of a single variable fij
(x
~
) over an interval [I., L

1
] Is that convex

• function ~~~ defined over [9.~ , L
1
] such that, if d .. is any

convex function on [9.~~ L1
] which underestimates f~1 

at every

point in (9.~~ L1
] , then d~1 

also underestimates f
1~ 

over

(9.~ , L
1
] . Roughly , the convex envelope of a function is the highest

convex function which underestimates that function over the appropriate

interval. Alternate and more general definitions and relations con—

cerning convex envelopes are found in [4].

A—6
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p We are interested in determining the convex envelope of the
piecewise linear functions f~1

(x
1
) defined by the relations (2.1)

through (2. 4) together with the AWR. It is clear geometrically, and

not difficult to show analytically , that the convex envelope of this

function over [9.~~ L1
] is the function f

i~
(x
j
)

“~~~~ ~~~~~~~~~~~~~ (2.5)

s.t. I 0
~k~

’
~k 

= x4 (2.6)
kcK ~I

I 0 k = 1  ( 2 . 7 )
• keK~ ~

0jk 
> 0 , kcK . . (2 .8)

Note that we do not impose the AWR on the definition of f .(x
1
)

p 
We illustrate this definition in Figure 2 which may be compared to

Figure 1.

p

• • 

fij (xj)

/

T / 
— x1

• • 
f~~~(x1

) ‘

I

Fi gure 2. CONVEX ENVELOPES
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Thus the calculation of f~1
(x
1
) at a given point x

1 
involve8

the solution of a linear program. The first subproblem addressed by

the method described in [8] would be

mm f
C (x) — £ f ( x

1
)

j — l

subject to f~ (x) Z f~~ (x
1
) c b ~ (i —

j—l

This is a convex program whose solution value serves as an underestimate

of the solution value of prob lem P. Because of the piecewise linear

nature of the functions f~~ , it is possible to convert this problem

to a linea r program . This approach , however , involves explici tly

calculating the functions f~~ for each i and j . Moreover , it

would be necessary to do this for a number of prob lems of the above

form . We may avoid these calculations by considering the related

linear program :

mm f (0) = 1 0 k~ ~ k~8 j =l kcK . i oJ ~1
3

1 subject to f (0) = I e .k Fi .(y  k~ ~~
bi (1

3 j

I 0
k

1 (j = l ,...,n)
kcK

1 
~

0
jk ~ 0 (j = l , . . . , n ; kcK

1
)

No te that problem P1 is similar to problem P except that the AWR are not

present. Moreover , given a feasible point 0
0 of problem P , it follows

that the point x0 defined by

0 0x4 I
‘ kcK ~

L1~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~± ~~~~~~~



is feasible for the convex envelope problem by virtue of the

• inequality

~~ f~~~~~ (O °
)

It is, however , possible that the convex envelope problem has feasible
points x for which there is no feasible 0 satisfying the above

expression. For if x is feasible to the convex envelope problem,

for each i = l,...,m there must be a vector i which satisfies

conditions (2.6), (2.7), and (2.8) together with the conditions

f~ (O) ~~ 
b
i 
. This, in itself, does not imply the existence of a

single vector which satisfies all of these conditions. On the other

hand , any poin t feasible to problem P is also feasible to P1 so that

the solution value of P
1 
offers a valid lower bound on the solution

value of P.

3. THE BRANCH AND BOUND ALGORITHM

In this section we present an algorithm to calculate the global

I • solution of problem P which is based on the branch and bound philosophy

(see, e.g., [6]). The algorithm considers subsets of a linear polyhedron

containing the feasible region F (P) of prob lem P. A lower bound on
P the optima l value of prob lem P is found by minimizing f (0) over each

of these subsets and selecting the smallest of these. A check for

solution is made which , if successful , yields a global solution of P.
If the check fails , the subset corresponding to the smalles t lower bound

is further subdivided into either two or three new linear polyhedra and

the process continues as before with new and sharper bounds being deter-

mined. The process is finite and terminates with a global solution of P.

As is customary with branch and bound procedures, the algorithm

is described in terms of a branch and bound tree. (See Figure 6 for an

example.) The nodes of the tree will be identified with the symbols

N’, N
2
, N

3,... and each node Ni will correspond to a linear subproblem
P iP of prob lem P. It is convenient to also use the notion of a “stage.”

The first stage of the method consists of problem P1 (or node N
1) and

A— 9
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its solution. The second stage of the algorithm consists of problems

together with either 2 or 3 new subproblems created from problem P~.

A new stage is created when a p reviously solved subp roblem is chosen
for branching and new subprob lems are formed. For example , the tree of

Figure 6 illustrates that 8 subprob lems were formed in 4 stages . The

first stage contains node N’; the second contains nodes N1, N
2
, N

3

and N
4 ; the third stage contains these nodes and the new nodes

N5 and N6 , and the fourth stage contains nodes N 1 through N
8 

.

With each node N t there is associated a linear program of the
form

n
minimize f (O) I I O 4kF~~(y4k

)
j—1 k~K ~ ~

n
subject to f~ (e) I I O 4kFi4 (Y 4k) ~ 

b i 
(i—l ,...,m)

j=l kcK ~ ‘

problem pt

1 k = (j’.l,...,n)
kcK

1
1

8
jk ~ 0 (j—1 ,...,n; kcK

1
)

= (j=l ,...,n;

where the sets (jl ,...,n) are subsets of consecutive integers

of the sets • Note that each prob lem is a linear program and that

these prob lems d i f fer  only in the constraints 8
~ k = 0 (J=l ,...,n; kjK)

Problem P’ has K~ = (j =l , . . . , n) so that prob lem P’ resembles problem P

except that problem P
1 does not have the AWR imposed on it. Let

denote the feasible region of problem Pt and F(P) denote the feasible

region of problem P. Note that

F(P)~~~F(P 1) (3.1)

A— b
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p and that F (P 1) is a linear polydedron whereas , in general , F (P )  is
1not even a convex set. Assuming F(P) ~ 0 , problem P will have

at leas t one minimizing point ~l In general , let denote a

solution of problem P~~, if one exists, and set

f (0t) j f exis tsLB(t)  — 0

I +~~ otherwise.

It follows that

LB ( t) ~~min {f (e) OCF(Pt) flF (P)i . (3.2)

It is sometimes possible to obtain an upper bo und on f~ (e*)

from problem P~~. In fac t , if is any feasible

point to problem P , the number f ( ~ ) will be an upper bound on

f 0 (0 *) . Using the vector 0~ (assumi ng it exists) we may , at little

computational expense , atte mpt to construct a vector which is
feasible to problem P according to the following rule :

Compute the vector x~ using the relationshi p

t tx~ — I 0 •k
~•’k 

(j=l ,... ,n)
~ kcK . ~ -,

3

We then compute a vector 0 which satisfies the AWR and the relationship

t
x
j 

= I 8jk~
’ k (j=l ,.. . ,n)

IccK
1 ~

This computation is straightforward since each mus t be in some

interval 
~ k’’ y. k’+l ’ and hence may be expressed as a convex1, 3,

combination of the two adjacent points y k’ and y . k’+l . If this

vector ~~ also satisfies the constraints f1(e) ~ b1 (il ,...,m)

the number f0(8 ) serves as an upper bound on f
~
(e ) . We define

A — l i
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the quantity

1 f (~
t
) if is feasible to P

UB( t) —~~
otherwise

so that

f ( 0 ) 
~~, UB(t) (3.3)

serves as a complementary inequality to (3.)).

In general, the i—th stage of the algorithm consists of problems

~l~~~~~~L together with their solutions ~~~~ 9L (if they exist)

and the quantities LB(l), UB(l),...,LB(L) , UB (L) . A node (or equiva—

lently , a problem) from which no branching has yet taken place (from

which no new problems have been created) is termed an intermediate node
(intermediate problem) . The set of all intermediate problems at stage £

is denoted by 1(9.) . At stage one , 1(i) = (1) , and , if three new
problems are created to form stage two, 1(2) = {2,3,4}

The algorithm is to be constructed in such a way that

F(P) C U F(P t) . (3 .4 )
t c l (L )  J

I J

We define the quantities

BL B (L) — mm {LB(t)}
tcl(2.)

and

BUB(9.) mm {UB(t)}

Then (3.2), (3.3) and (3.4) imply that

BLB(t) ~ , f 0 (0 *) ~~, B U B (9 .)  . (3.5)

This is the basic inequality which signals the completion of the

algorithm when equality is attained throughout . We will show that our

method of branching (creating new problems ) sequentially sharpens (3.5)

stage by stage and will produce equality in a finite number of stages .

A— l 2
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Check for Solution: If BLB(9.) = BUI3 (9.) at the 9.—th stage , an

optimal solution of problem P is where UB(t) = f ( ~ t ) BUB (i)

If BLB(9.) < BUB(&) we must choose a node N t for branching,

i.e., a problem }~
t to create new problems which will sharpen the bounds

in (3.5). We shall use the notion that the numbers LB(t) represent

approximations to the quantities miii {f (e) : O~F(P t)f)F(F~~i . Since

we are interested in determining miii {f
0
(e) : OcF(P)1 , we choose

the smallest of the numbers LB(t) to determine P~ , the p L- ~blem t~iest

likely to generate a global solution of P.

Choice of Branching Node: Choose an intermediate node NT for fi~rther

branching where LB(T) = BLB(2.) .

• Act ually the algorithm will converge if any intermediat e node

is selected for further branching and it is sometimes convenient from
• a computational point of view to use a different rule for branching.

A co~~~n alternative is to select that problem which has been solved

last for further analysis , since the data defining that prob lem are

on hand and data needed for the new problem are very siu~i1ar. This

alleviates the bookkeeping involved and tends to minimize the number

of times a particular branch in the tree is revisited. On the other

hand , the tree tends to grow larger than the tree our rule would grow

and would not be efficient if the total time required is largely a

function of the time required to solve the sub problenis . In our app lica—

tion , the amount of data required to distinguish one problem from

another is minimal so that this should not be a factor .

Raving selected node NT for branching at stage 9. , we create

new subprob lems by choosing a branching variable 8~ (or , equivalently,

T
X
j
) and partitioning the set 5 into subsets of consecutive integers .

The ru1.e for selecting x~ follows.

A— 13
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Choice of p Branching Variable: Compute each of the differences

I (~ 
T_0 T)F .(y ) (3 .6)

ksK jk jk ij jk
j

for i = O,l,...,m and j = l, . .. , n . Select J which corresponds

to the largest of these differences .

If all of these differences were nonpositive, upon s ~n~n~~g

over j for each i = 0,l,...,m we obtain

f
i
(~~
T) - f

i
(0T) < 0 (i~U,...,m) .

Thus

f ( ~T) ~ f(Q
T) = BLB(9.)

and

f(~T) < f(Q T) < (i=l ,...,m)

Since ~T satisfies the- A~JR~ we see that ~
T
F(p) so that

BUB(2,) < f ( ~T) ~ ISLB(9.)

that is, ~T must have been a global solution of problem P, contradicting

our previous assumption. Thus, unless we are at a solution, at least

one of the differences (3.6) is positive and we choose J corresponding

to the largest of these quantities.

This rule for selecting a branching variable is analogous to the

rule suggested in [3] and [8]. Since, at a solution, all differences

(3.6) will b e nonpositive , we are selecting a variab le corresponding to

the worst violation of this criterion.

Note that not all differences (3.6) need be calculated at every
T

stage since some will automatically be zero. If the set (elk : irK
1
)

satisfies the AWR , for some j then 0~ ?~ so that all of the

corresponding differences (3.6) for i = 0,... ,m are zero. Moreover ,
A—i 14
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if Fij (x
j
) is a convex function , the piecewise linear approximation

of it (equations (2.1) through (2.4) and the AWR) will also

be convex. If we denote this approximation by 
~
‘
ij

(xj ) we have

= 

k~~K~~~~~
k
~~
i j  ~~~~~~~

= ~~( I 
~~~~~~ 

(~~ satisfies AWR)
3 kcK 3

3

TF . .(  I 0 . y )
13 kcK . 

jk jk
3

keK jkij j

so that the corresponding differences (3.6) are automatically nonpositive .

Iucid~~itally ,  this also proves that the algorithm yields a global solu-
tion of a convex program in a single •;tage .

Having selec ted variable 3 for branching , we now are in a

position to create the new problems of the (9.+1)—st stage. Let

(p,p+l ,...,q,...,r} . Note x~ ~ 
y3 

since in this case

8
T 

= ~ while 0
T = = 0 and the difference (3.6) would

Jp J,p+l Jr

be zero. Likewise x~ ~ 
y~ . Note also that K~ contains at least

three indices for otherwise branching could not take p lace on this

T
variable. We may assume that xjr[yja, ~Jb

1 where 3’Ja is the

neares t lef t neighboring division point of x~ and 
~Jb 

is the

p neares t righ t division point. We do not exclude the case where

X~ 
~Ja ~Jb i.e., where x~ falls on a division point.

A— 15
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Recall that problems ~~~~~~~~ have been set up and solved

at the end of stage 2.

Branching Rule (refer to Figure 3):

Let 5 {k : krK~ and 
~Jk ~

= {a ,b}

+ T5 = {k : keK~ and 
~
‘Jb ~

t
Referring to the general definitions of problem P at the beginning

of this section , define a new problem P~ by setting K~ equal to one

of the above sets if that set contains at least two elements. The

other index sets K are unchanged (i.e., K~ = K~ (j#J)). In this

manner we may define at least two new problems (since K~ had at

least three points and y,1, ~ x~, y~ .. # x~) and possib ly three new

L+l L+2 L+3
prob lems. These prob lems are numbered P , P and P

(if defined) . Note that if a ~ b , the problem whose index set

{a ,b} must have only solutions with O~ satis fying the AWR.

The various possibilities are illustrated by example in Figure 3.

Only the, f i rs t  possibility y ields three new problems .

L
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I

— {4 , 5 ,6 ,7 , 8}

Yj4 ~J5 ~
‘J6 Yj7 ~‘J8- {4 ,5,6} {6 ,7} (7 ,8)

p I I I /\
T

Xj

I (4) (4 ,5) {5 ,6 , 7 ,8}

T

i 
,k., 

- 
{4 ,5,6} (6) (6 ,7 ,8)

• I ~. i {4 ,5,6,7} {7 ,8} {8}

• Figure 3. BRANCHING ON VARIABLE x
3

• Beale and Tonilin suggest a different branching rule wherein

two new subproblems are defined at each stage. Using the above’

notation , they set

— T
= {k : kcK~ and 

~Jk <

+ TI(~ {k : kcK~ and 
~Ja ~

P so that the feasible regions of their problems and

overlap somewhat more than ours do. Referring to Figure 3, their

• sets K; and K~ would be (4 ,5,6,7) and (6,7,8) in the first

p case while in the other three cases , their sets would define the
same subproblenis as we do.

A—l 7
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In the remarks which follow we shall assume that these problems

L+l L+2 L+3
P , P and P have been defined . The other case is similar .
We firs t note that

L+3
F(P) fl F(PT) G~~(P) fl ( U p(p t ) )

t—L+1

since any point 8 which satisfies the AWR and is in the set F(PT)

must be in at least one of the sets F(PZ
~~~), F(P 1

~~
2) or F(PL+3)

Since F(P) C F(P~’) it follows that

F(P) ( F(P) fl ( t) F(P t))
t c l(2)

i.e., F(P)C U p(p t ) Continuing in this fashion we verif y
trl (2)

inclusion (3.4):

F(P) C U F(P t) (3.4)
tcl(2.)

Moreover , since any point in one of the sets F(PL4~ ), F(P~~
2
) or

L+3 . TF(P ) must lie in F(P ) we have

U F(P t ) C U F( Pt)
tcl (2.) tcl (2.—l)

This inclusion must be strict since the point 0T cannot lie in any

L+l L+2 L+3of the sets F(P ) ,  F(P ) or F(P ) . For suppose

ØT5~ (~L+l) and K~ {p,...,a} . Then O
~k 

0 for k =

T Tand x~ < y35 which contradicts the assumption that X
JC(Y J ,  

~
‘Jb~

-

• These remarks yield

F(P)C U F(Pt) ~~~ - U F(P t
)~~ ...~~~F(P 1) (3.7)

tcl(9.,) tcl (t—l)

A-18
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p

i.e., the sets U p(pt ) are converging monotonlcally towards
tr l (L)

the set F(P)

When new problems are created for the (t+l)—st stage , new
lower and upper bounds are calculated. Note that

m m  (LB (PL41), LB(P1”2), LB (P1’~
3) )  ~ LB(P~)

T L+3
• since F(P ) U F(P~) . Moreover , since the poi m - 3T tor

4 t=L+1

which f ( 6T) — LB (PT) is not feasible for the new protilems , it is

likely that the above inequality is stric t. The above hiequa lit y,

together with the definitions of BLB(t) and BUB (L) yield

BLB(1) ~ , ... ~, BLB (L) ~ f(o ’~) ~~ BUB (2.) ~ ... BUB(1) (3.8)

so that the upper and lower bounds are converging towards the optiiw.

value of P • It remains to show that the process converges in a finite

number of stages .

Theorem. After a finite number of stages , the algorithm yields a global

solution of problem P.

Proof. At each stage of the algorithm an index Jc {1 ,...,N ) is

selected and the set K~ is subdivided into either two or three ne~4

sets of consecutive integers according to the branching rule. Each of

these new sets contains at least two integers. Since there are but a

finite number of choices for .7 and a finite number of ways of subdivid-

ing the original sets 5 into sets containing at least two consecutive —

integers , the algorithm would (if it continued) eventually produce prob-

lems whose feasible regions contained oniy points which satisfy AW’R

(i.e., eventually F(P) = t ,) F(P t)) . Such problems must be inier—
trl (2.)

mediat e problems since their -regions cannot be further decontposedb and

LB(t) — UB (t) . Thus equality must eventually occur in (3.8) and the

algorithm is finite. -
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4. AN EXAMPLE

Prob lem Q:

minimize F (x) = (2x~—94+9x1) + (—2x}3-9x~—9x2)

subject to F1(x) —6x~ + l8x2 ~ 9

F2
(x) 6x~ - 18x

2 0

0 ~ x1, x2 ~ 3

The feasible region of this prob lem is sketched in Figure 4.

There are local solutions near the points (0,0.5), (l.7f’7,l.065) and

(2.73 8,3.000) with values —2.50, —2.97 and —1.46 respectivel y. The

subdivision points are taken at intervals of 1/2 starting at 0. These

values and the values of functions F
11 

at these points are displayed

in Table 1 and the results of linear approximations are sketched In

Figure 5.

2 —  —

3. - —

II I I I I
0 1 2 3

k Figure 4. FEASIBLE REGION FOR EXAMPLE
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Table 1.

DATA FOR EXA)~’LE

Xlk ~oi ~il F21 x2k F02 P12 F22

0 0 0 0 0 0 0 0

1/2 5/2 —3/2 3/2 1/2 —5/2 9 —9

1 2 -6 6 1 —2 18 — 18

3/2 0 —27 /2 27/2 3/2 0 27 —21

2 —2 —24 24 2 2 36 — 36

5/2 —5/2 —75/2 75/2 5/2 5/2 45 —45

3 0 —54 54 3 0 54 — 54

• F01(x1) F02 (x
2)

/ ‘ T I I/

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

L

2 2 22

~~~~~~

’

2 1 1
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Each subproblem has variable 0 — (01,02) — (elO,...,816;

020,...,026) • The data provided by subproblems is given in Tab le 2

and the branch and bound tree is illustrated in Figure 6. The global

solution of the approximate prob lem is found to be the point

x~ — (1.714,1.000)

with objective function value —2.857. This solution is actually found

at node 6 bu t not recognized until prob lem 8 has been solved.
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LB — —3.667
UB — —2.667

~: :~~~

5 LB — —2 .500 ~ LB — —2.857
IJB — —2.500 UB — —2 .857

LB — —2 .000 LB — —2 .857
UB — —2.000 8 UB — —2 .857

FIgure 6. BRANCH AND BOUND TREE FOR EXAMPLE
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5. SOME C O M P U T A T I O N A L  CONS IDE I-ATIONS AND EXTENSIONS

In this section we point out some computational aspects of

the method , some possible variations , and an extension to non—

continuous problems.

We firs t note that each prob lem P~ contains m constraints

corresponding to the m constraints of problem Q plus n co.istraints

of the form Z 0
jk 

— 1 . Thus the Generalized Upper Bounding Technique

of Dantzig and Van Slyke [2] may be used to advantage here, and

especially if n is large compared to is • This method allows one to

maintain a basis of size m x m

Since each problem P~ Is distinguished by the sets , one

need carry in memory only that information which Identifies these

sets, e.g., the first and last indices of the sets . Beale and Tomlin

(1] refer to these ind~c•es as “f l ags”. The matrix identifying the

coefficients of the objective function and the first m constraints

of P is common to all problems p t 
F~~ce the basic solution of a

prob lem being branched from is not feasible to the new ly created

problems , it is not clear that the basis of each problem p t should

be carried in memory along with the sets . On the other hand ,

the basic solution of a problem being branched from only fails to be

feasible to its descendants by virtue of one constraint and hence may

be useful in creating basic feasible solutions to the newly crea ted

problems .

Once a point 0
(q) is found which is feasible to problem p

t

one could attemp t to produce a feasible solution which satisfies

the AWR by the device outlined in Section 3. The computations necessary

• 
to produce such a point are fairly simple . If such a point ~~~~~~~ may

be produced, one ‘can immediately compute f0(~~
1)) and compare this

A— 25
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wi th the BUB(t ) ,  updating this number if f (~ (q) ) < BUB(L)

In such a way one may be able to tighten the number BUB(t) at

each simplex iteration solving P~ and possibly come across an

* toptimal solution 8 of P during the solution of a subprob lein P

Of course, this solution would not be recognized as such until equality

occurs in (3.8).

Finally, we point out a simple modifcation of the method that
will allow one to deal with piecewise continuous fur.ctiona F

11

In order to insure tha t problem Q has a solution, we assume also that
each 

~i1 
is lover seaicontiuuous . The grid points :

j—1,...,n} are chosen so that all points of dis continuity of the —

are among them. Let be a point of discontinuity of

F and set

= h a
• X

J + Y JK

0F - F  (u )
IJ LI ‘JK

— u r n  F1J (~~ )
xJ +y J1

The lower semicontinulty of F1~ 
at y~~ implies that

~ mm {F~~ , F~~ } . Assume , for the sake of discussion , that

- 0 +
strict inequality holds , and define new indices K , K and K

corresponding to the quantities F~~, F~~ and F~~ respectively .

These indices are to be ordered as

K _ l < K < K 0 < K + 4~~K + l

and corresponding new variables 0 K 0JK and are defined.
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Problem P is thus redefined with 0
K ~~~ ~ 5K ~~~ + 8

~ K F
~iJ

replacing OJK F1J ~~~~~ 
, O~~ + 8

~K + replacing 03K and
I

{...,K_l ,K
_
,K
0
,K~,K+l,...} replacing 5

With these modifications carried out at every point of
discontinuity , the algorithm may be applied as before with no addi-
tional changes . Note that a global solut ion of problem P cannot have

adj acent nonzero pairs (0 K , O J K ) or (8
~ K , O JK ) unless the value

of 
~~~~~~~~ 

is zero , for otherwise the value of f could be

decreased by setting 8~ K — 1 while still maintainIng feasibility.

Even if F J (y JK ) — 0 and one of the above pairs is nonzero , an

equivalent feas ible solution may be found for which — 1 and

which gives the same value to f (O)

In the case that ~~~ — Fj 1 (F 1~ is continuous from the

lef t) ,  one need only define two new variables , say O
~K and

and modify problem P as above. The case where F
1~ is right con-

tinuous is similar.

• )
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A.  I N T R O D U C T I O N

The subroutine LINPRG solves linear programming problems

by the standard product form version of the simplex method , as

described in [1]. LINPRG is a slight modification of the code

written by John Tomlin to run the experiments presented in [Li].

It was used again for the tests in [2]. An impnrtant feature

of the code is that basis reinversion is accomplished by LU
decomposition using Gaussian elimination. The reinversion

-

‘ a lgor i thm was developed by Tomlin and is described in [6] .  It
uses a pivot  to le rance  in choosing the pivot elements  so as to
compromise the goals of minimizing the creation of non—zero

elements and of pivoting on large elements to main ta in  numerical
st a b i l i t y .

B. INTERNAL W O R K I N G S  OF L INPRG

B efe r ence [3] provides background reference for this
section.

N O T A T I O N S

N C O L  = number of variables (Including structurals , slacks and
artificials),

NROW = number of rows (including the objective row),

x = the (NCOL — NROW ) vector of structural variables ,

s = the  NROW vector  of s lack  and a r t i f i c i a l  var iables ,
c = the (NCOL — NROW) vector of costs (objective function

coefficients),

A = the [(NBOW — 1) x (NCOL — t’JROW)] matrix of structural
coefficients ,

b = the (NROW — 1) vector of right hand side values corres-
ponding to the linear c~ nstraints.

B—i
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B A S I C  P R O B L E M

minimize cx such that

Ax (<)
b and x > 0

ACTUAL PROBLEM
maximize s1 suc h tha t s > 0, x > 0 and

objective row ~ 1 c = 0

1 =

— l S =

slacks and 
A • b

artiflcials x

S E T - U P  P R O C E D U R E S

Before calling LINPR G, MOGG packs the constraint coeffi-

cients

S

S

. A
1:

fnto the one—dimensional array A( S ). Only non—zero entries are

stored. The location of coefficients is maintained by the row

Index array I A ( S )  arid the column pointer  array L A ( . ) .

B-2 
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A(NELEM ) = va lue of NELEM th nonzero coefficient ,

IA (NELEM ) row of that coefficient ,
LA (N C O L ) = the first element of A( s) belonging to

column NCOL ,
LA(NCOL + 1) — 1 = the last element belonging to column NCOL.

The objective coefficients are placed in the first row . The

right hand side coefficients [
~
] are stored in unpacked form

in the array B(S). The type of each row is stored in array
I S T Y P E ( . ) :

0 if ROW = 1 (objective row)
ISTYPE (R OW ) = —1 if equal i ty  ( = )

1 if inequal i ty  (< or > ) .

Initially the starting basis is composed of the slack and

artificial variables. On subsequent calls of LINPRG , t he last
basis of the previous problem is used as the s tar t ing basis

• with those variables excluded from the basis by MOGG replaced

by the correpsonding slack or artificial. The basic variables H
- .  are doubly indexed by the arrays  JH (~~) an d KINB A S( . ) .

JH(ROW )  = that  basic var iable  that  pivots  on row ROW
KINBAS(NC OL ) = pivot row of variable NC OL if it Is a basic

var iable ;  0 o therwise .

1. Major Subroutines

LINPRG uses 12 subroutInes——eight are major , three are

bookkeeping, and one prints out the iteration path. The

eight maj or subrout ines form the  component parts  of the sim-
plex cycle with LINPRG linking them together . Each cycle

through the following flowchart corresponds to one cycle of

the simplex method with a basic/nonbasic variable Interchange .

_ _ _  ~~~~~~~~



*+
INVERT ~

+
_____________  

FORMC no yes
4.

optimal I BTRAN does the representation
or I ____ of the basis inverse

infeasible PRICE need to be recalculated?
FTRAN

+

/ CHUZR
+

UPBETA
+

lunbounded ] WRETA

a. INVERT (Invert the Basis )

INVERT starts with the list of basic variables stored

• in the array JH(~~). Using the corresponding coefficients

stored in array A (S), it calculates the inverse of the basis

(denoted by B) using LU decomposition. The procedure is des—

cribed in detail in Reference [6].

In general , the matr ix  of basis coef f ic ien ts , B , is f i rs t
decomposed using Gaussian elimination into the product of a
lower triangular matrix , L, and an upper triangular mitrix , U:

B = LU and =
Once this is done , a representation of the basis inverse is

immediate since the inverse of a triangular matrix is a simple

rearrangemen t of the ma trix Itse l f .  As an example

u11 u12 u13 
—l 1/u 11 0 0 1 —u12/u 22 0 1 0

U 1 
= 0 u22 u23 = 0 1 0 0 1/u22 0 0 1 —u23/u33

0 0 u33 0 0 1 0 0 1 0 0 1/u33

and likewise for L 1.

The LU decomposition of the basis is not unique and one

wants to choose that one which (1) minimizes the number of

nonzero en tr ies so that stora ge re qu irement s are reduce d and

B-14



p the number of computation In the BTRAN and FTRAN operations are

minimized ; and (2), involves division (e.g., 1/u
11
, 1/u22 ,

1/u33) by numbers as large as possible to minimize the growth
of errors (Im prove numerical stability ) .  The search for such
a decomposition is guided by the tolerance ZTOLPV which will be

described in Section 3.

As shown above , the representation of the basis Inverse
can be written as the product of elementar y column matrices
Et (often called eta vectors):

B~~ = E E E

• with

• Et

0 H .
1

The eta vectors are stored In the one—dimensional array E(.).

The location of coefficients Is maintained by the row Index

array IE(•) and the eta vector pointer array LE(~~) .

E (N ELEM ) = value of NELEMth nonzero co~ fficient ,

IE (N ELEM ) = row of that c o e f f i c i e n t ,
LE(ETA) = the first coefficient of E(~~) belonging tothe eta vector ETA .

4

b .  FORMC (Form the Cost Row )

FORMC checks to see if any variables are at a negative

value and , if so , computes the Phase I objective and stores it

in work region Y(.). Otherwise , it stores the Phase II objec-

tive , Y ( l )  = 1, in Y(~~).
B— 5
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c.  BTRAN (Bac kward Transformation )

BTRAN computes the ir vector (multipliers) and stores it

In Y(.):

Y( rr )  = Y (E  .. .E E

objective passed from FORMC

BTRAN Is called the “backward transformation ” since it processes

the elementary transforma tion matr ices in the reverse or der
in which they were created .

d. PRICE (Price Out the Nonbasic Variables )

PRICE computes the reduced cost , ~~~ for those co lumns of
the coefficient matrix eligible to enter the basis (nonbasic

S and not excluded by MOGG):

= Y ( I T ) A ( j )

(where A(j) is the ~th column of the coefficient matrix).

PRICE then selects that column which will enter the basis ,

JCOLP .

• e. FTRAN tForward Transformation)

FTRAN updates the column of coefficients corresponding to

the incom ing column , JCOLP, and places the result in Y(.):

Y = Et .  . .E 2E1A (JC OLP)

FTRAN ( 1 ) is the norma l FTRAN descr ibed above. FTRAN ( 2) uses
only the elementary matrices associated with the upper tn -.

angular factor of B and Is used only in the subroutine INVERT.

FTRAN is cal led the “forward transformation ” since it uses

the elementary transformation matrices in the order in which

they were created.

B-6
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p f. CHUZR (Choose That Row Whose Ba sic Variable Leaves
the Bas i s)

CHUZR finds the pivot row , IR OWP , using the ratio tests
descr ibed in [3].

g. U P B E T A  (Update the Values of the Current Basic
V ariab l e~j

UPBETA updates the current basic variable values stored
• in array X ( • )  so that they correspond to the new basis .

h. WRETA (Write Eta )

WRETA computes the new eta vector (elementary matrix
Et+1) and adds it to the representation of the oasis inverse ,

array E(~~) :

~~~~~~~~~~~

Et÷i 
=

1

where
p

l/Y ( IROW P) for i = IROWP
‘11 =

—Y(i)/Y(IROWP) otherwise.

(A c t u a lly , the divisions are done only when Et+1 is used).

p
2. Bookkeeping Subroutines

a. SHIFTR (Shift Values in the Work Regions )

LINPRG has two work region arrays, Y ( . )  and YTEMP (~~) .
Subroutine SHIFTR can shift around the values of any of the

B-7p
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following four arrays:

1 2 3 14

B ( . )  X (~~) Y ( . )  Y T E M P ( . )

For example , SHIFTR ( l,3) places the values of B(.) into array
Y ( . ) ,  while SHIFTR(Li,3) places the values In YTEMP(.) into

array Y(~~).

b. UNPACK (Unpack a Column of Coefficients from the
Cons traint Matrix )

Subroutine UNPACK ( JCOLP ) unpac ks the coef ficients of column
JCOLP and places them in array Y (

~~).

c. SHFTE (Shift E l e m e n t of Arr ay E(.))

SHFTE is a bookkeeping subroutine used by INVERT. It

is used to manipulate the elementary transformation matrices
-

. 

assoc iated with the upper and lower triangular factors of B.

C. L I N P R G  O UTPUT

Fi gure 1 is an example of output  generated by LINPRG ,
most of which was produced by the subroutine ITEROP.

ITCOUNT = iteration number (one cycle of the  s implex method
is an iteration .

I if current basis is Infeasible.

STATUS F if current basis is feasible.
U if solution is unbounded.

blank if current basis is optimal .
OBJ VALUE the current value of the objective function (if

STATU S is I, OBJ VALUE Is the sum of Infeasibili—
ties).

VECIN = the noribasic variable coming into the basis.

VECOUT = the basic variable leaving the basis.

DJ the adjusted cost of the variable coming into the
basis.

NETA the number of eta vectors which form the current
representation of the basis inverse .

B- 8
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NELEM = the number of nonzero elements which form the
current representation of the basis inverse.

TIME = 0. 00, as the program t imer currently is not
conn ected .

IROWP = current pivot row.

X(I) = the adjusted right hand side on row IROWP .

Y(I) = the current pivot element .

STABILITY COUNT will be explained In the next chapter.

Whenever INVERT recalculates the inverse of the basis , it

prints those statistics listed in Figure 1 under INVERT
STATISTICS. These statistics relate to the LU factorizatlon

of the basis and should be of little concern in running normal

problems .

0 . T O L E R A N C E S  A N D  O T H E R  C O N T R O L S

LINPRG uses preset tolerances to reduce the computer
running time and accumulated error . These tolerances may

need to be adjusted as the code is run on different problems
• or computers .  This section is an attempt to explain what these

tolerances do and how they should be adjusted.

Solving large linear programming problems involves adding,

s u b t r a c t i n g , m u l t i p l y i n g ,  and dividing many numbers .  On any
digital computer there are round—off errors involved in repre—
sen ting  numbers  and In using them in opera t ions .  For most
programs the  prec is ion  of the  computer  is such that  the accur nu—
lated error is negligible. Unfortunately, most linear pro-

gramming algorithms are designed such that operations are

performed on the results of operations and , when this is done

often enough , the accumulated error can grow to significant

levels even on precise machines. LINPRG uses the revised

simplex method . It carries along a representation of the inverse

of the current basis , B~~ , which Is a product of past computations

and has with it an accumulated error .

= EtEt l~~ 
.E
1

B-lU
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(E t is the most recently added elementary column matrix.) Each

time the basis is changed , a new elementary matrix is added

to B 1 and with it possibly some error. At some point the

errors may get out of hand and B 1 will no longer be a good

approximat ion  to the inverse of the bas is .  Since the algori thm

is vitally dependent on B 1
, it can then wander off and do

r idiculous things .

The accumulated error is a function of the number of

computations and the size of the round—off error involved in

those computa t ions .  In general , the tolerances allow the code
to neglect ins ign i f ican t  numbers and , when choice is possible ,
to per form those computat ions wi th  the smallest round—off

- - e r ror .

1. Tolerances Used in L I N P R G

ZTOLZE is the zero tolerance used throughout the program .

Its purpose is to zero out any “background noise” and thereby

reduce storage requirements and the number of computations .

It should be slightly larger than the precision of the machine——

for our machine this is 2
_60 

~ lO
_18

. If set too low, storage

requirements  will  be s i g n i f i c a n t l y  increased . If set too high ,
“good” numbers will be thrown away and accuracy reduced.

ZTOLC R is the pivot tolerance used in CHUZR. CHUZR

selects the old basic variable that leaves the basis and

thereby the divisor (called the pivot element) which is ad-

joined to the representation of the new inverse. That divisor

must have a magnitude greater than ZTOLCR. This keeps the

algorithm from dividing by small numbers and thus creating large

ones which would Increase the chance of round—off error in

subsequent computations . If’ ZTOLCR is set too high , the

algorithm may go to an infeasible basis from a feasible one ;

B—l 1
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it may even terminate with an unbounded solution when this

should not be the case. If ZTOLCR is set too low , errors will

grow rapidly when the algorithm is run on problems which are

inherently unstable.

ZTOLPV is the absolute pivot tolerance used in the re—

inversion subrout ine  INVERT. It functions in essentially the

same way as ZTOLCR. In creas ing ZTOLPV increas es the minimum
size of the pivot elements in the new representation of the

inverse and thereby increases the s t ab i l i t y .  Decreasing ZTOLPV
will allow the representation to have fewer nonzero elements

and will decrease the number of computations required by the

algori thm . The tests  of Reference  [6] suggest the fo l lowing
value :

ZTOLPV = (102 . m a x I a 1~~I Y ’

where aj j  are the c o e f f i c i e n t s  of the current  bas is .

ZTOLPV and ZTOLCR are related in that the revised simplex
• part of the code hands over a basis to INVERT which Is non—

st~gu1ar with respect to the pivot tolerance ZTOLCR. If ZTOLPV

is greater than ZTOLCR , then the reinversion subroutine INVERT

may find that , from its viewpoint , the basis is singular and

can not be Inverted . Setting ZTOLPV less than or equal to

ZTOLCR will avoid this problem .

ZTCOST regulates  the t ightness  of the te rminat ing  t e s t .
If the minimum adjusted cost is within ZTCOST of zero , then

the algorithm terminates. It should be noted that this toler-

ance does not affect stability. If it is too large, the solu-

tion returned upon termination may not be optimal. If it is

too small , the computer time will become excessive as back-

ground noise dominates.

B—l 2
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P 2. Rei n version

No matter how well the tolerances are set , at some point

the accumula ted  error wil l  grow to s i g n i f i c a n t  levels .  When
this  happens , the represen ta t ion  of the  basis  inverse should

$ be r eca l cu la t ed .  This is done by the  subrout ine  I NVERT .
(Reinverting is expensive in terms of time and should be done

only when necessary . To i d e n t i f y  when it becomes necessary is,
in itself , a problem.) The accumulated error could be calcu—

lated d i rec t ly  by comput ing I 1B ’B — 
~~~ I~ . Unfortunately,

this would take about as much time as reinverting the basis

itself , as the FTRAN subroutine would have to be called for

each column in the basis in calculating B 1B.

An indirect measure of the accumula teu  error which  takes
relatively little time to compute is the STABILITY COUNT, which

appears in MOGG output for every call of LINPEG . It is com-

puted as follows . In the subroutine PRICE the adjusted cost ,

~~~ is calculated for each nonbasic variable , and the most

negat ive is then chosen to enter the bas i s .

adjusted cost = d~~ B TR AN ) = c~ — cbB~~
A(j)

c. is the cost for variable j ; Cb is the vector of the basic

cos t s ;  and A ( i )  is column j  of the  c o e f f i c i e n t  m a t r i x .  This
is done by using the subrout ine  BT RAN to c ompute the mult ipl iers.

—1T r = c bB = c b Et . . .

This Is done once and it is then  appl ied i t e r a t i v e l y  to each
A (i) to compute the adjusted cost values in PRICE. it is

calculated by multiplying cb an d Et and then the result by

Et i  and so on. Notice that the elementary matrices are
p

multiplied from left to right , thus BTRAN is called the

B—l 3
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“backward transformation. ” Once PRICE has selected the non—

basic variable to enter the basis , CHUZE selects the variable

to leave the basis. It needs the adjusted coefficients of the

incoming variable

~(j) 
= B~~ A( j ) = Et .. .E 1A ( j )

This computat ion is done by FTRAN which mul t ip l i e s  the
elementary matrices from right to left ; thus FTRAN i s called

the “forward t r ans fo rma t ion . ” Not ice  that  wi th  jus t  one
vector mul t ip l i ca t ion, d~ can be reca lcu la ted

d~ (FTR AN ) = cj  — cb~
(i)

- • 
Theoretically, matrix multiplication is associative and thus

d~ (BTRAN) should equal d~ (F T R A N ) .  The only way they can be

unequal is if the “ s tabi l i ty” of the representat ion of the
basis inverse has degraded to the point where the accumulated

round—off error generated in using it becomes significant .

The STABILITY COUNT is the number of times

Id
~

(BT RA N ) - d~ (FTRAN )I 
>

occurs. Notice the rather subtle point that the STABILITY

COUNT says nothing directly about whether the  current  repre-
sentation of the basis is aocurate. What it does say is that

if you mul t ip ly  a vector by that  representa t ion  the resu l t  wil l
be affected significantly by round—off errors. Since the

elementary matrix (which gets added to the representation of

the inverse at each Iteration) is a product of such a calcu-

lation , it Is likely that it will also be in error.

It has been found experimentally that FTRAN accumulates

significantly less round—off error than BTRAN. For this reason ,

when mismatches occur , d~ ( F TR AN)  is pro bably more accura te than
d
J
(BTRAN). If both d~ ( BTRA N ) and d~ ( F TRAN) are ne gative , then

the entering nonbasic variable should decrease the objective .

B-lLi
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If d,~(FTRAN) turns out to be positive , then we are probably

going in the wrong direction . At this point , LINPRG returns

to PRICE to try again. If d
J
(FTRAN) turns out to be positive

once again , then the basis inverse is recalculated by calling

INVERT . — .

There are two other reasons for reinverting the basis.
At each iteration of the simplex method , an elementary matrix
gets  added to the representa t ion  of the inverse . At some
point the storage space will be exceeded and one must recalcu-

late the basis Inverse representation. The storage space is

especially critical for all—in—core codes like LINPRG . The

other reason for reinverting is to improve the running time .

As the repre sen ta t ion  of the inverse gets larger , it takes
more computer time to use it. At some point it will become

advantageous to expend time reinverting the basis to reduce

the size of the representation of the inverse and , thus , the

t ime required to use it In the s implex  method .

Figure 2 roughly illustrates how the computer time that it

takes to complete an iteration of the simplex method will

increase as the size of the representation of the inverse in-
creases. Figure 3 illustrates that the time It takes to rein—

vert the basis will generally remain constant once the algorithm

reache s Phase I I .  The key ques t ion , of’ course , is when should

the basis be reinverted to improve the running time . The best

solution is to access the program timer and keep track of the

time it takes for each iteration and then reinvert according

to some rule , such as :

Reinver t  at i t e ra t ion  I if
l/2(ITIM (I) — ITIM (’O ) )  x I > INVTIM

-

~~ LINPR G does not use suc h a ru le , since pro gram timers are
machine dependent and make it difficult to transfer the code

from machine  to machine . C u r r e n t l y ,  LIN PR G r e in v e r t s  the

B-l 5
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- - P basis at least every 50 iteratIons. This appears to be a

reasonable approximation to a more sophisticated rule such

as described above .

P 3. Tolerance Values

Indicat ions of tolerance problems are :

- 1. STABILITY COUNT greater than zero ,
2. A large change in the objectIve value after reinversion ,

3. Algor i thm goes from a feasible to an infeasible basis ,
L i .  Algori thm take s more t ime than it should or goes

unbounded when it should not .

The principal point to remember is that if’ the algorithm

does not behave as It should , the to le rances  should be adjusted .

If one wants increased confidence in the solution , check to see

that the stability count is low or at least that mismatches
do not occur near termination. If mismatches occur , adjust

the tolerances and run again. If degeneracy occurs , perturbing

the right hand side by a small amount should help (this is called

“epsilon perturbation ”).

The following is a list of values for the tolerances. The

Orchard—Hays column are values suggested by Reference [3]. The

LINPRG column are those values used in LINPRG. The range val-

ues are the author ’s estimates of reasonable upper and lower

values for the tolerances. It should be emphasized that the

arguments for setting tolerance values are generally heuristic

and best values will vary from problem to problem .
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Orchard—Hays LINPRG Range

ZTOLZE lO
_12 10

_lU 
io

_l8 
< lO

_8

ZTCOST —— 10
_lU 0.0 < io

2

ZTOLPV lO
_12 

lO
_6 

io~~~ <

ZTOLCR 10~~ 1O~~ lO~~~ <

INVFRQ —— 50 10 < 100
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IBIS P.&~E IS B~~T QWIIT! ThACflCA~~~
FI~OM cOPY PUB2~IS}i~ 1~O DDC

PNO~~~RA ~~
I M OG G ( L r~~~

’LJ T ,OU I !U !,TAPE6aOUTp IT)

C .**.ep4~ X V A R , THE P .’A XIMUM  NUMBER nF oR,GINAI. VA R IAbLE S ,  Oh t 4~~~N ST ON S
• C KL O, KRO, PcL , ,XCOU L),XB~~~ST

,VAR P C IF~M

C .~~ **MA*CUT , T~~ MA XIM UM NUM bEN OF !NTE~~~N~~~L v A R I A ~~~LE S D IM ~~~N 5IO I~~S

C w,CUTs
C e** .*LSTMAX , T~~ M AXI MUM L IST SIZE OT MEt~SIOh1S ZLS!NO ,ZLSTP *
C LSTKL , LSTKR. ZLSLb ,IbAVR ,FLar ,
C .** .*MAXROW .MA XIfrUM NUM BER OF kOW S (yNC . O8.J~ CT IV t. FUNC TION) ,
C OTM EN SION S ICM K
C °e~~~~M A X A  DI MEN~~I0NS A ’I A

COM uON,F IN ST/~ L 0 (1O0),~ R0(1 0v) ,,cL( 1n ) ,KR (1~ n) ,XC 0DEO (1OO ),XREST
1 ( 1 0 O ) , W ( 1 1 O 0 ) , C U T S ( 1 I 0 O ) ’ Z L . S t N O ( ? O O ) . Z L S T ~” A I 7 O 0 ) ,  L. ST K L ( 71 ’ O ) ,
, LST,cW(7oO),ZL5LI~~ (7Oo},I ~~~R V R( 7OO ) , F 1~~~Gt7OO ) , w B L (3) ,~~cSR (3),

3V ARNAM (IO O )N P R Ot sr A (8 )~~M AA V A R N M A X C U T ,  STM A A ~~lAXR OW ’MAXA ,
4 NM p OW ç, NUMvAR ,LC I~Iç(I QU )fyAL ,LFLG
&U MM ON /WO R icl/ ~ (35O ),A I 3 b O),Y (3SO),y ,~ Mp (!5u,,A (5UOo) ,E (5OOO ,,

• 
~ IA (5fl00), IE(SO 00),LA t14O2) ,LE (2 OO 2~~,I~ N~ M I13O2, 2),KINBA~~(l3O2),
7 J 3 ~ 0) ,ISTYp ~~(35 O ) ,NAME( 2u ),~~TENp~ 20 ),CM LN,C0N0,ERMAX,LFFEZ ,
~ IN V Fp Q ,IOB J ,I~~CWp, I 1LMe I T C HA. I TCNy .IT~ F R Q .yV IN ,IV OU T ,JCOLp ,KIN p,
4 X5T A T, NROW ,NC QL ,NELt~M ,NETA ,NLELEM .4l.ETA ,NUFLEM ,NGETA ,NUEL.EM ,
; Ntj FTA,S UMI N F ,1c3
COMM ” ,N /BLOCK / L ICLZ E ,LIU L PV ,ZTC )ST,NQMAA ,NTi.i &x ,NEMAX ,UwO ,~IIMA,Q$i,

i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
DATA TO 8J ,INV FNC ’ITPF ~’~Q/1 ‘So’loUo/
flA T A ZIOL ZE ,ZTCLPV ,ZTCOSI/L .E 0’ ~.F—6’1 .E~~ fl/
r ,ATA NWM A X ,NI MAA,N E t4AX /3S0 ,2000,500r ,,
nA T A QPO ,UMA, (

~~A ,UFI ,~i~tU ,QbL ,QP L ,QM T ,4HkOW ,4MMAT ~ ,4P18AS I,
1 4HFI~~S,4HEOF ~4h ,4 P j  • ,4s.~ — /

rIAT A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,4HR
4HC ,4HE ,4h F ,4tlG ~4 s.4 P4 •4 M1 ,~~4L ,4MM ,4W’

7 4’~~O 
,4HR ‘~~P1U ‘411 1 /

DA T A  R T OL ,FE ASTL ,D IF F T O,0 0 NT OL / 1 .F_ 1O ,1 !E A ,1.E’6,1.E..6/

n A T A  CtJTTOL/1.E~~
/ -

M A X  V A R ,, 100

j  MAX C1jT~~110O
t STMAX = 7Q0
MAXP OW3 100
MAX4 ~ b~ OO
W M M a 5 HWAN U .
nUB~~ ,F 7O

C *****Ti IS SECT IOF .. RE A t ) S IN DATA
PRIN T ~ 

-

ç ,O RMAT ~~6l H l PRO G~~ M MOtaU.....FINDS GLOB Al SOL UTIA NS TU A PPROx I MAr E PRO
p L EMS )
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

10 c ORM~ T ( IO IS )
T F (KRU M s NE U0 ) i

~EAC 12, bUB
i2 ,ORMA T I F I O . b )

PRINT 15
iS FOP M AT(1HO ,19l1PMC~ LEM L Nt ORMA TII)N ,/)

PR I N T 20,NMR OWS

~0 FORM T (1N ,~~OX ,j10 ,4HMUW ~~)
PRIN’,. ,5,N UM VA i~

~5 FO PMAT( IH ,2 0X ,110 ,~ t4V AR LAb L tS )
PR INT 10.MAXLP

~o FO PMAT( 1H ,20A,L) O ,5X ,~ bPlLP PRO~LENs WILL. 8t SOLVED
,F (KdU ~~.NE.O)P ~~1 P T 35 .bUd

c-i 

I
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35 FOPMA T( 1H ,2OX ,~ 2MU SEI~ ’SUP PLXE P bUB ts~~ ,F1~~.6
TF (IXPR IN.NE. 0)~~hINT40

40 r ORM A T C I R  ,2OX ,~ çiiTHE UStR REQU ESTS THAT ~~~ FEASL 8LE POINT S FOUND
1 bE PR INTE D )

T F ( K 1 . ¼ E . 0 ) P R I N ~ 45
45 ç~OR~~~T ( 1 H  ,20X ,b (, MTH E USt . R REQU ESTS THA! A L~ L~ SOLUTIONS 8E PRINT

IF° )
TF(K2 .NE ,O )PR II ! So

~~O F0RM~~ T (1 H  ,20A, 44IITHE 
UStR REQUESTS THAT Till M A T Ri X  BE PRINTED )

T F(l( I .NE.O)PRIi ! ~~i

51 FO PMA T (1M ,20*,43$THE uS~.R RE QUESTS P INF OM~ A T ION ~sE PRINTE flI
T F (K 4 •N E .0)PR IFT  5~

52 FOR M AT (1H  ,20*,66iI TIIE US~ .R REQ !~ESTS THAT 
Till ENTIHE LIST bE PRINTE

1P A F T E R  EACH S TA G E )

TF (KS .FE .O)PR I N I  53

53 FOR MA T (1 I4 ,20X ,4311 T11E USIR REQUESTS i-HA ! !He. MATRIX BE SCAL.Er~
PEA Q  5~~~,USTYPE (I),I .1,NMROWS)

55 FORM A T (4012)

PR !NT6’
A 0 ~~~~~~~~~~~~~~~~~~ TYP ~~ — )

PR INT 65 ,(ISTYPE(I),I sL ,r4t4R0wS)
65 rOR M A T U H  , 4012)

pEAO  7” ,(IC hK( t),IR1,NMI~OW S )
70 rORM AT( B O I1 )

PR I?.~T is
75 FORM AT (1H O ,1 7M CQt ~ VEX ! FY fLA G S—— ,/)

PR IN T M O ,(~ CpjK (j),~ *1,NMl (O~S)
80 FOPUA T (1H ,80I1)

C •~~~ *NCW SEI Up CUTS ~~CTOR , KLO ’ AN~ K~ O~~
PRIN T 90

qo rO~~~~T I1i l 0 ,27 A~ IA B 1~. CARDS REPRQDtfr ED~~~,/IDo 100 I3 1, N U MVA H
• 

9E A D 105,NU~ A R ,NV 1N~~,W O RD
1g ~~ FORM A T ( 15 , 1S ,A5)

TF (N OV A R. NE ,I)CA LL ER NII )
PR INT ll o ,NOVA R ,NQ INc ,wORD

1 10  FO RM A TI I M  1I5 ,IS’Ab )

IF (NOINC.E~l. 0)115 .  1~~O
1 15 IF ( I . E Q s 1 )  i ib ,i il
11 6 (10 (1)31

KPO (I) *1
GO TO 10 0

117 I X ZKR O II— 1 ).1
TF (IX .G T ,MA X C UT )CA L L  EMR (2)

Kb (I) *KRO II_ I) , 1
l (RO( I )a I ( LO ( I)
GC TO 100

12o IF (I .E Q.1)122 ,124
i22 (10 (1)31

• 60 T0 126
124 I* .KRO (I.1 ).1

jFUX. GT .MA X CU T )CA LL EP(R (2)
KLO (I) ‘KHO (I_ 1). 1

126 ~F ((,çLC (I).NO INC ) ,GT ,MAX ~ UT )CALL ERP ?)
KR O (I )3 Ic L O I I )~~N0INC
IF (WO RD .EQ !WMM )GO TO 14s

I 1
~~KLO (I )

1 2 .KR0 (I)
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THIS PAq~ IS B~ST 4UA1~IT~ ?RACTICABLI

~~0~I OOPY 7tfl~ ISli~
) 1’O DRO ..~~~~~~—

• READ ~3 0 , C UT S ( I 1 i , C~j T S ( 12 )
130 F CR MA T ( 2F 1 0 . 6 )

PRINT 135 ,C1~T S ( I 1) .CUT S( 12 )
i35 FO RM A T ( 1 p 4  ‘2610, 4) -

I F ( l I 2 — I 1 ) . E Q .1)b U TO loo
IX~~I 2 I  1— 1
00 140 J u l , L A

1~~O CUT S U1 J ) .CUTS( I1) .J . ( CUT~~II2) .C~.1y 5 (~~1) /NQ1~~C
GO 10 100

145 CONTINUE
C •‘.*MERE IF W E AM ( TO RC A D IN CUTS .*NYALLY

I **KLO (I)
IZRK~O (I)R E AD 1 5 0 , ( C L ! S ( J ) , J ~ I W , I Z )

1 5fl F C R MA T ( 8 F 1 0 .b)
P~ jNT 155 , (C U TS ( J I , , . , Z L W , IZ )

~55 FO R M AT U H ,8G 12 .4 )
100 Cr~NT INUE

C •~~~~3Ø~~~ NAV E CCM PLETEU R tAD IN G i~OUN pc AND CUTS
PRIN T 1 60

160 FO P M A T ( 1 H O ,24HP11 S CA Rl j ( S~ REPMOOtJ CEO.. ..,/)
REA D 165 ,(8 (I) ,Is1 ,NM Pt0WS )

1 • ~ cQP MA T ( 8 F l 0 , 6)
pR INT T 7 O , ( l ~ ( I ) . J 2 l ,NMH OW S )

1~~’) rOR.~~T ( 1M ,8G 1 2. 4 )

C
C SET NROw. ~~

( . 1 . ISTY i ’E ( .~C
,J HOWZN . .ROW S
pO q; 0~ JJsl ,N I J M V A R

• J l~ KL. O (JJ)
• 12.K RO ~JJ )
y F (J1 .EQ .J 2)  ‘~.,C TO 9u~ 0
~iM Ow*N wOW •1 

-

9000 CDNTThI’E
C

I I N M R O W S j
r~U g i ’  I I l ,NwO1.

y ST y P~
9010 &ONT iNi E

C
C A DO  S L ACK S  TO COE F FIC IEN T  MA T R IX

C
~ M 8

P.jCOL~~
1

r~0 910~’ 1 1,NRQ3
NELEM 3 ELEM. 1

-• NCOL.NCOL•1

T A ( NIL FM)S I
A (NELE ~~).1.
I A(NC0L )8NELEM

9 100 cONT INUE
i A ( N CO L .1) . NELEM.1

C
‘ 

C
C FILL IN COEFPIC IE NI M A T R I X
C

C— 3

‘
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MCOG’JB .l
nO 940~~ JJa 1 , NUMVA R

j 1~ ,c LO (JJ )
~~~~~~ (JJ)
IF (J1 .LT.J2) (iC TO 9301)

C
pE*n 9250’ (V T E M P I I ) , 1 3 1 . N M R O W S )

9 250 FO RMA T (B F IO . ô)
C

00 q~ 7- Ia 1 ,NM ROh S
V TEM P 1 3Y TEM P (I )

YF ( A b c ( Y TEMP I ) . L E .ZT ULZ L) GO T ° ~~~~NELEM~ P ELEM.1
T A ( Nr LFM)9
A I NELE M) TEMP I

9 2 70 CONT INUE
NCO L SNCO L•1
L A ( N~ OL .1)* NEL EM.l
rD TO q400

C
9300 riO 939~ .J~ J1’J2

C
fl O 93~~~q) 181 ,NMRQ I,5
cALL G ETP I I I ( I ,J i J , C UTS I ,J ) ,ATE M P)

- 
- IF ( A B 5 (A TEM P ),LE.ZTOL~~ E) GO To 93M

NELEM.F ELEM 4I
T A( Nr LEM )8 1 -

A ( N E L E P .I )8A TE MP
g3gO CONT +N IJE

NELE M~ ’~.ELEM+1
T A (N cLFM )8NMROW ~~•NCQG Ud
A (NFl EM)
NCOL*NCOL ’

LA ( N~..OL 1)8NELE M l

939 0 C ONT INUE
NC0GUt ~.NCOGU8+1

q400 rON TIN U E
T F N ~ LEt4.GT.M A X A CALL ERR(3 )
R EAD 2n0, (VA RNAM (i),I .1 ,NU$V AR )

‘00 FORMA T ( 1 6 A 5 )
PEA r) 2c0 , ( PROtS .A ( I ) , I .A ,d )

?5c F O R M A T ( 8 A 1 0 )
C • ‘*‘DCNE READI NG IN UATA

PHINI ~7S
~7S FORM A TUHO, 7IP1F Uk YOUK INFORM A T ION VA RIA b LE NUMbER

I K(O 1(140,/I
oc 28~~ u1 ,Nij MVA p
PRIN T 285 ,L,KLo (I) .1 (140(1)

~85 FCRI4 AT (1p 4 e3SX ,Tb ,14X, Ib ,8x ,15)
?BO CO NTINUE

C •**e0*SET UP STA6~TING BA SIS
Dc 9200 I.L,N RO W  

-

9200 1 ( T N B A S ( I ) u L
- T F ( K S .EQ. i ICA LL sCAn. .

y F( p ~2 .,%E. 0 ) 36O ,9 7O
160 PRI N T  361

361 rORuA T (1H0, S5PIPACKED MATRIX bY COLuM N-S, ROW NIJMBEK bELOW t.A CM ~LEM

C~ Li
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Tills pa.~z is REST Q1JAI~ITY
11~OM OCIFY 1 lSk~~ 2 ~~

i rNT)
• TA I3 N EL E M/ 11• 1

riO 365 Izl , I X I

c K~~( y — ) ) ’ 11~~1
T F (KK .C.T.NELE M)(,C TO 3’o
K8KK .1 ‘
y F (1(.GT .NE LEM) r8P .ELEM
PR IP~~ 366,(A(J) ,~~aKK,1(I
PR IN T 367 .(IAL ) ,J8KK. I’)

‘66 FORP.’~~T ( 1 H0 , 1 1 G 1 2 . 4)
367 F O R MA T ( li i  . 1111?)

65 ~ON T !NUE
370 ~ON TTNL ’E

PR7 N T 290
290 F0R~~A T(1H1,1 9I1 S~~A 14 T ING TO ITERA TE~

RR I NT 300

~~~ 
rOR MA T ( 111O,4x ,l STAGL. P~ ObL EM ,7X , l ) .L O3 ER DCHJ ND,9X,11PIUP) EP BOUND

i , b X . 1 8 P~B RAN CHIr ~G V A R IA ~ L E,/ / )
C •3~~*~~READY TO S TART LOOP
C •*...READY T~ S !AR T LOOP
C •‘~~~~R EA D Y TO S !ART LOOP
C •“R FADY TO S !LRT LOOP

0” 98o Iz 1 , L S T MA X
IW R V R C I ) n
Z L S L b ( I ) a I . E 8 O

pAR ~ P.Ti0.0
ST , 14 ( 1 ) 8 0

L STKL (1)80
S TGRRR8O . 0
1 ST NUM. O
p~LPg
TdRP AR 8 fl
NO L F Y I 1

DC 990 18l ,NLM VAR

O9~~ KR ( I)81c 140 ( j ,
1000 PR IN T 1OO 5 ,STG PR ~
1~~ri5 FORM A T (IHO.BX ,Fb .1)

NOL FT 8P %OL FT 1
NLP 3’~LP. 1
TF (NLP .GT.MAXLP )CA LL ENR (4)

C

•,K KPO (NUM V A R )

~~ 630 ’  .J l J)(
C

b 30 Q ~‘cJ ~.o,arALL L INPR G
T F ( K 1 . F Q . 1)CAL I .  LPPR (~~

)
— T F ( L F L G , N E .1) Go TO 1U I~

!F ( N L P . E O . 1 ) C A L L  ER R( b J
pR INT 1008

1008 rORM~ T C1N ,24X . I1HL P.  IN FEAS . )
e~O TO ~o~O

1010 T F ( V A L~ BU8TOL .L~.. bU B) bU TO 1020
PRINT i O i 5

b i b  FO RM~ T ( 1M• ,25X,9 p. L B GT BULl )

~O TO S000
C .**..Pt.T T HIS PHCBLEM ON THE LIST , F ,PJD THE NEXT Epq PTY SPOT

C ~—5

p
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1020 ~~F (l ,STNUM.GT.~~~S TMA * )C~~LL £R.~~(6 )

~~~~ t ’~’ ,025,V A 1.

b O 2 ~~ cOPM *T (l$.,25*,G~~2.4)

i STNUMI L STNUN• I
7LS T~ 0 L ST NUM ) .~~TGPR Q
7LSTPA (LST NUM ~ E:P~T

t F (td ~~~~~4R.NE .t~~~L STKL (LSTt~UN )8KL(I8R~~~~
R)

y F I I’4~~~A~~.NE. 0) LS~~
(
~ (L STN UM) .lcR ( IBRØ.P)

?L Si}~ (L STNU M) S A L

C • NC1 DOPiE ~.IT P’ L IS~ YET
C C R EA1 E *CC &J EO, COM~ A CT IF IE)  V ( QS IO N OF !~~~ELEMENTS OF X i v ~~r~C ••...A~ E A , IF A CORQE ?PUP4OS TO A LI FAK V A~ ,4bLE, OR ELSç T~ E
C ••. ME*Pl OF Gt.o~.ED V AM IA 8L E S

DC 1030 I.L .NUWVAP (
~~(KLO I), NE , K PO (I))GO TO 1040
I1sKLO (I)
XCODEO ( I) *s (  II)
GC TO L 0 3~104 0

1351(L9 (I)
IZa”~ ”c I j
DO ~~~ IIaL ~~, L Z

10% X COO~ U (L )sXLUU tO (I ).3 III1.—UT S (IIJ
1030 CCN T INUE

C •‘~*~ XcOOEO CREATE D , C~~ CK IT
DC 1060 I.i,N U M V A N 

-

i-O 1060
Ii *1(1.0 (1)
tRa IcRO (I

X X L SC U T S (IL ) CU TTU L
A *R’CUTS (IM )  ‘CUT Tu b

• T F(XCOCEO (I)sLT !X~ L)CALL £ 14 R 7)
F(xCOCEO (!) .GT,~~A R )CA LL ER R (7 )

1060 rONTTP4LE
C • •..P~CW W E W IL L  TRY (0 F IND A N UPPE.~ bOUND A ND *LSO A
C ••3.~~~~4NCHING v~~RIA8L ~— T FE A S*

t~~I F FMA30.0

y d P VP  (L S T N UM )  8

u i b zl .E’O
DC 2000 IRIJ aSI , NM $03S

H I F (ICM1 (II .~O*).EQ .1)üO TO 2 i O O
R WVA LSO .0

oo 2 - I c  t .I,NUMV A R
C •~~ ‘~ SET INDEX Ap,Q FRM C

T W Z i LO ( I )
T Z$KPO (I)
,F (T u,c Q .IZ)700b ,70 1 0

70~ 5 T NOE* s — j
FRAC8O. O

— r,O TO 7900
70 10 T M~~T 7 1

nO 7’15 I.j*IW, IP ,

T F ( C U T 5 ( Z J ) . L E .A c O O E D ( 1) VA N 0 . C Y T S ( I K , . 6!.XC~mnEO ( I ) ) G O  To ?o2s
loiS CON TIN LE

x XX .~ UTS (Iw)— X CU CEO (t )
X X X S A B S ( X X X )
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O0~PY JL~~~~ IS1~~~~~ 1~~ DD~1Q ._ ~~~~~
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T F (X X X .LTeCUTTOL )GO TO 7016 
-

XAX.X CODED (I)’CY TS (IZ )
X U u A B S  I X X X )

T F( XX X .LT.CUTTOL)60 TO 7017
CA LL E RR ( 7 )

7025 FHA C U ( X C O D E O ( I ) — C U T S ( 1 J )  ) / I C U T S ( IK)~~rU T S ( IJ I i

r,O ~~ . 7900
7O 1~ T N D F X Z T W

FRA C O .O
r,O TU 7900

701 ! TNDFX .TZ
rNAC .O .0

7900 c ONT INU E
D IFF3O. O

1)C 2020 IJ ~ IW .IZ
1I~~IJ.NPCO~
ItOCO L ~ LA (II )
DDNX T sLA (II.j 

~~1oo 2030 IIISIND C r~L ,INDNA T
IF( I~~( I I I) .~~E,~~Rr i W ) b O Tu 2030
I P (I I~DEX .NE.—1)ri ,FFaD IFP _W (IJ).A (III)
IF (INDEX .EQ ,IJ)~~~y~~F*DIFP.(1 .

_
~~RA C )* A (I II

IF INOEX .EQ . 1)  Pr)WVA L *RUWVAL. •XCODED (I ) A (III )
• jp ( INO E X , EQ ,I .J ) R nW VA LRR U WVA L • (t , .FRAC I*A(III)

IF C (LNOE* .1, ‘EQ. y J )  D IFFSflIFF •PPAC*A I Il l )
IF 1 C INOEX .1) ‘EQ. j) ROWV *, .140W VA L .FRA C A ( 1  IT 1

2030 CONTINU E
2020 CoN TrNU ~.

iF ( I S T Y P E ( I R O W )  !L0. .1)0~ FF A 8 S ( D IFF)
IF (OI PF . L T. DL FFMA . D IF FT O ) G TO 201n
DIFFP4ASD IFF 

-

FLAG (L~ TNUM ) R I NU E X
FLAG (LSTNUil ) .FLAC (LSTN UMI ‘ FRAC

IBRV R  (L- STNUM ) *1

2010 C ON T INU E  
-

IF (IS T YPE U ROW )  )2040’2050’2060

UI~.R O WV A L
GO TO 200 0

2060 T F(BU R OW ) 2O 6I.2O62 ,~~063
2~ 61 T F pOwvA L .LE. (B IIROW ) *(I , FEA ST L )~~~G~ TO ~0un

I A
r.O TO 2000

~O6~ 7 F ( P O W V A L . L E . F EA S T L . ) G U  TO 2000
FE A S. 1

r,O p~ ~0O0
2063 I F C P O W V A L . L E . ( b I I R O W ) * I 1 . • F E 4 S ! L ) ) ) G t ~ TO ?Ouø

FE A 5. 1
~~O Tr~ 2000 -

2040 IF (A B S IR (I I 4CW )) .~~U .0.Q)6O TO 2o7o- 
XXX .1.—A B S (P O W V A L’B T IH OW ) )

IF (ABS (*X X ) .LT .FL~ S!L)GO T~ 20ri
IFEAS ,~1
GO TO 2000

2070 IF (AB S IROW V AL ) .LE!FEA STL)GO TO 2000
IFEAS S1

20o 0 CONTINUE
C •****DCNE —W E  HA V E  PICKED A b R AN C H IN ~~ V A R IA b LE  AND STORED IT ON

_ _ _ _ _ _ _ _
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IBI S PAGE IS B~~T QUALITY P &CTICA,B~~
~~~~ O P T  ~W~eIs1i~ ) 70 DDC ._.. —

~~~

C •3
~~•THE L IST ~l1ILE TESTING FOR FEh~~ I B I L I T ~

TF( IFEA S ,NE.1)GO TO 3000
PRINT 2005 , IBRV R ( LST N U M)

2~~S c.ORM ’~T (1$.,49X ,4iNONF ,16X,I6’
rO TO 5000

3000 pR IN T 3005 ,U8 ,IdkVRCLS !NUM )

~~~~~~~ 
FQRM ~~T (1H.,4SX ,612.

4,L2XtI6)

T F U X PR IN.EQ . 1 ) c A L L  XP)
~~INT (XCODED )

TF (UB.LT.BUB )GO TO 3010

GO TO 5000

3010 RU8* I I8
00 3020 I.A ,N UMV A N

C ••~ *•NOW BEGIN ØRA NC I41N 6 PROCED~JRE
.~O2O XRE S T (I)* XçC D ED ( 1)

c000 ~F (’~OL F T .EO.0 )GO TO 50~ 0
C •~~**eSflLVE N EX T  PROBLi.M IN THIS STAr,~

,<L (I~ N PAR ) .KBL (NCLFT )
C T I3 RPA R) .K8R (NC L FT)

STGPRb.STGPRB . • 1
nO TO 1000

C ••***wC A RR IV E HERE IF W E ARE DONE W y T H  A S’a~~E

S~~S0 NUMZ f l

pLB.1 .E70
DO 5060 I.1,LSTNUM
IF (ZLSL B (I ).GE.bLb)bO TO 5~ 6O
NI H.!
BLS .ZLSL$ (I)

c o oo CONTINUE- TF iLB.GE.I.E7o CA LL ENR (8)
TF (RLH.GE .BUB—DONIOL) bU 10 8000

C •‘**NUM IS THE EN TR’V UN THE LIST ON W Hi CH F AR~ To BPaNçH
c063 FOR ’~~T(1H 0,20HQONE W jTH TillS STAGE)

TF (IBR VR INOM) .si..O)G0 TO 5064
rA LL EPR(9)

co64 PR INT 5063
PR I NT 5065 ,bLb ,bLb ,ZLS!N O (NU M ),I8RV R 1 NUM)

~~O65 
FO RM A T (1H  ,6HLILb 3 ,GU .4,8H, BOB. ,Gj2.4,~~,H, Ll~~AN CH ING ON PROBL

1~~ M ,F~~ ,1,17H , V A R IA B L E  NUMBER ,16)

T F ( K 4 • !Q. 1) P R I N T  5~ 65I
bô bSl FORMA T (1HO ,32H*~ **~ ****’PRESENT STAT iS OF L8cT)

TF (K 4•EQ .1’,PRI Nl 5065~
5 i652 F O R MA T  (1HO, 6HPROF~idO ,5A ,6HPARENT ,5X ,A.4ISTKL ,~~X ,bHLISTKR ,5X ,

I 1 1N L OW E R BOUND, SX, 12HbHANC II . VAR .,SX. 6IIFLAG.,)
yF  (K 4 . c~Q .1 )5o6S3, 5 0657

bi~65J nO ~~oø 9 I,1 ,LS !NUM
PR INT ~OO01,ZLSTNO(I),LLSTPAII), LS!KL.Il)’ LSTKRII)

~~oo i cORM A T (1M ,F6 ,1,5X ,F6.i,bX, 15,bX ,15 1
~~~ (ZLSL B (I) .GE.1.E70)50002.50004

S~ 9ri ~‘~I ’.’ 50003 ,Itlw V h( t ,FLAG( 1)

~~~~~ rO~~ *T (1 M ..48X ,31~OFF ,4A ,9X,I4 ,9X ,F 1fl .3)
~~

— 50009,.
~~~~~
. •~ t ’• ’ 50O0S,ZLSL.H (I).IbkVR (I),FL*G (T~

- ~ 1~...av 1 ...,’4z,G1 1,~~,~~A . I 4 ,9X , F l0 , 3 )
•

‘ - ‘ qq A3 *
, 9

,*. . .j~~~~~’~~~’ 4 i~ .’~~
)

-- ~~- ----- - - —~ - - --.-—-~-5— -
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bRPAR. I BR VR C N UM)
C • “ N O W  WE KN OW THE I~AREN T AND b RA N O HING VA R IAB LE FOR TIlL NrXT
C ••*e*STAGE —SET UP 2 OI~ 3 NEW PRO8LFUS
C .~~‘.FTLL IlL A ND KR VE cTOR S

00 5070 I .1 ,NUMVAP (

KR(I) .PcRO (I)

~0i0 1( L ( I’ *K L O ( I )
7N8 A CK* ZLSTNO C N Ui’ )

DC 5080 I.1,NUM
I I.NUM-I’ l
I ;t Z NBA C K .EC .O .O ) GO TO s i i 0
Iç ( Z L S T N O ( 1 I )  ,P4E.Z NbA C K ) GO TO c 8 0

oo 5~9 IKII l ,NUM
I F ( Z L STN O U K ) . E Q . Z L S !P A ( I p ) G O  TO ‘o9~C O N T I N U E

c095 IT I* IRM VR (I1 ()
IF ( ,NOT. I (LSTKL C II) .GE.1 (L I II I )) .ANO. (L~ TKR (II) .LE.K14 ‘I!!)))

1 GO TO 51 00
XL (I I I)  SLSIIc L C II)
KR ( I I I)  ~LS r~ I4 ( I T )

5100 Z N BA C K ZL S!~~A ( I I )
~0~ 0 CCNT I NUE
Si l o  rONT INUE

C •~~ ** NCW HA V E TV DIVIDE VP TIlE K SET FOR Til t. BRA N C H I N G  VA IIIARLE

C *~~~ * HUT FIR ST, RE M OV E  Tpi~ PAR ENT PPnB LEM FNOM THE LIST —

7LSLH(NUM).j,E70
c •~~~~*SF T Up TWO oR THNEE PRObLEMS

IF((~ LA G (NUM).L !,KL (TbMPAR)).OR .(FLA ( (NUM).~,T.KHIIB RPAR)))1rA LL E R R C 1 1 )
C ***øeC,-ECI( TO SEE IF FLA U PRECISELY FQUA L S DOME CUT

jw KL (IBRP )
IZzKR (IB RPAR)
DO 5120 i.I~ ,IZ
zJRJ
XXXa ZJ— FLA (~(NU M )
X X X 3 A B S ( X X A )
I F ( X X X , L E . ~..UTTO L R,O To 51~~’~5120 CONTINUE

I X*~~I.A~. C NO R )

TF( I~~.FQ .KL (IB Q PAR ))GO To 5140
K bL (~~)IKL (I8RP AN)
KbR (I )*IX
K b L ( 2 )* IX
KBR ( 2) .IX’ l
IF( (I X.1) .E0.KR( IbR PA R) )5150 ,5L~~0

5150 ~‘0LF Y~ 2
GO T,~ 

6000
5160 KbL~ i).IX•1

1(814 (3 ) .P(R( TbR PAIl )
p N OLF T *~

~O To 600 0
5140 Kb L (~j .IX

xbRt l) * IX 4 I

K bR (2) aKR ( ILIRPAN )
NOLFT .2
nO To ~000

5130 IF(CJ .EQ .KL (IBNi~A14) ).W~.
(,J.E0.KR (I8PoA R)))CM, L ENII(j0)

C —9
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TH IS PAGE IS BEST QUALITY PBACTICAB~I
1~~ O0&Y 1WL2~LSIf~~ TO DRC . .... .—

1 (BL (I)UKL (!BRPAN)
K8R (j).J

K8L (2)*J
1(8R ( 2 )  .KR C IBH PAN)
NOLFTS2

6 000 T X X . ST G PRB
STGPRB.IXX

STGPRB.STGPI1 8 1 !
nO To ~00O

C •~~~~DONE~~ PR I NT OUT fil E RESULTS
8000 PRIN T ~~010 ,(PRObNA (I) ,X .1,8)

8010 FORM AT (1H1 ,8410)
PRINT 8020,808

8020 FURM~ TI1$0,31HO~ JLCTIVL FUNCTION AT opT IMUM ,012!4)
PRINt ~o3O80 30 FO R MA T C1 H0 ,28MV ~~~1A8LE VAL UES A T OPT,MUM~ — )

- 

&ALL X PR IN T ( X 8 EST )

FND

cU B R OU T I NE  *PR IN T (Z)

COM M O N / FIR S T/KLQ ( 10 0) ,Kk 0 C 101 )) ,K L ( l f l ) ,KR (lUfl) ,XCU DEO (100),X8EST

1 (10 0) ,W (11Q O ) ,CUTS(1l00) ,ZLSTNU (700) •ZLST~ AC700 ) LSTKL (700) ,
~ L S TK R C7O 0 ) .Z L S LH (7OO ) !IbRVR( 70O )IFL ~~G (7 OO )~~K8L (J ) .KBRC3 )~~
3v A RNAM C 100) ,PM QbNA (8) ,MA XV A R , M A X~CU T ,i STRAA ,M A X RO W ,MA XA ,

4 Nplp Qw S ,N UMV A R, ZCHII (10 0 )!VAL ,L FLG
riIME N S ION 1 (1)
p R INT 10

- 
- 10 F OR M AT C 1 H O)

IL*1
20 T U N U M V A R

T F ( ( N U M V A R_ IL ) .UT.7) IU* IL •7
PR INT A 0 , ( V A R N A M ( j ) , I* IL ,IU)

40 FORUA T (1H 0 ,3X, A S ,7 (12X ,Ab))
TZ*IU.TL*1
PRINT 45 ,(2 (I),1.IL ,IU)

45 FORM ~ T (1H ,G12 .4,7(5X ,6 i44))
T L ~~IL~~TF (IL .LE.NU M VAR )G O TO ~0
PRIN~ 10
RETURN
F ND

~U Hp OU TINE LPP R (Y )

COMM ON/ F IR ST /X LU( l0 0) ,KKO(lO O ) ~1 (L (IC ).1S 14 11U 4l ) ,XCO oED (l0O) .XBEsT
1 (100) ,4 (110 0) ,CUTS (1IO0) ‘ZLSTNO (TO0) ,ZLSTPA C700)i LSTKL (700).
2 LSTKR (700),ZLSL8 (700) ,IbRVR (700) ,FLA G (?0O),KBL (3) ,K8R (3),

IVA RNA M ( l0 O ) . PRO bNAI B )  , MA AV ARIMAX C UT ,~ STM A ~~$M aX ROW ~ MA XA ,
4 NM p O wc, N UMVAR,1 C HK (l0U )~~VA L ,LF L G
nIM EN STON v U )
PRINT 10

10 ,OP M TUH 0 ,29HPACI~ED LI~ SOLUIION, I
Iw * K RO (NIJ,~ VA R)
~0 30 1.1,1W

- TF (A B S I Y ( I  ) ,GE .1 .E—iu )P ~ INT 20,I ,Y (T)
FO P HA T C 1 M , I SX , I b , 2* ,G l u ,4 ,

30 CCN T INUE
PRINT 40

40 FOR M A TU P I O

RETURN
FNO

C.-1o

____________________ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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• THIS PAGE IS BL~T QUALITY PRLCTICAEII

- - l 
~~~~ 01’FL 1W~LUSH~D TO DD,C __

.-

ç UBPO UT INE E R N ( I )
pR INT ir O

1 00 FORM AT(* 1PR O GRAM MO GG AB OR TED BCCAU sW ...,’)
r,OTO( 1”l . 102, 1o~. 104. 1 )5! 106, 107’ 108, 10~~

, 11u~ 111 ) ‘I
10 1 PRINI 201

CA LL EXIT

102 PR INT 202
• CA LL EXIT

103 PRINT- 203
C ALL EX IT

104 PRINT 204
CA LL EX I T

105 PRINT 205
C AL L EX I T

106 PRI NT 206
CA LL EX IT

107 PR INT 207
CALL EX IT

108 P1~IN T 208
CA LL EX IT

109 PRINT 209
CAL L E X I T

110 PRINT 210
cALL EX IT

111 PRjNT 211
c ALL EX I T
RETURN

20 1 FORM A T C*O V A R IA BLE CA RDS UUT OF ORDER_ .LOOK A FA R MOGG L*BEL 105’)
202 FO R RA T C * 0M A X C U T ~ EXCEEDED——LOOK NEAR MOGG LMREL 117 OR 12~~*)

203 F ORM AT (.OMAT R IX A EXCEEDED——LOOK NE4~ 
MOGG I.ABEL 9400.)

204 W ORMAT (*OLPM AX EXCEEDEU~~~LOOK NEAR MO GG LABt.i 1005*)

705 ~OR MA T ( *0 I N IT I AL  LP INFEA SISLE .LOOX NEAR Mu80 LABEL 1008’)

~ 06 FORMAT (*QLIST LE ,~GTH E*~~E~~OEO~~.LOOK ~~~~~ M Qi,~ LA8EL 1020’)
207 FORMAT (* OXCODED V I O L A T E S  CUTS—— LOOK ~.jEA ~ MOu~ LAbEL 1060 OR 7025’)
208 FOR M A T  (‘ONO BR A N C H IN G  NODE FOUN D.~~LOoK NEAR uOGG LAbEL SObOe ,
20 9 FORM AT (.O NO FE ASIBLE I’U1f4T FO UN D_ _ LOOK NEAR MOGG LABEL 5064~~)

2 1~, FORM A T ( 0NO BR A N CH IN G PO?SIBLE ON V A~~1Ab L ~ ~$OSEN” LOOK NLAR 140GG
1 LABF I 5130.)

211 FORMA T (*O FL AG COM PUTED IMPN OPER LY.~~L~~OK NEA I~ MOGG L A BEL 511 g.)

I-

C— li

--- -- --———--•—
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THIS PAGE IS BESI QUALITY PEACTICAB~~
1~)M 

())k’~i ~1flC$~LSa~~ 70 DD,c _ . —

qUBROU T INE SCA IL
rOM M ON /F IR ST/KLO(1 O0 ),KNU(1 0U )PpcL (10 .- )~~KR C1 Un ) ,XCU DED (100),XREST

1(100) , vs( 1100),CYTS (1100)’ZLSTNO (700)1ZLST !Al700)P LSTKL (700),
2 LST KW (7OO),ZLSL 8(7OQ ) ,IbRVR I7OO ),FL~ G (?OO) ,KBLC3 ), KBR (3 ),
i~vA RN~ M (1OO ) ,PR QbNA (8) ,MAAVAR ,MA %CUT. l STMAX ,M *XROW ,MAXA,
4 NMROw 5 ,~~UpqVA R ,~~cI1 1(( 1UU ) ‘VAL ,L ,F L G
&OMMON/W ORK1 / 8 13 5 0 ) , A 1 3 5 0 ) , Y ( 3 5 0 ) , Y 1 T M P ( 3 5 U 1 , A I S 0 0 0 ) , E ( S 0 0 0 ) ,

1 IA( 5n O o ) ,IEIsooo), LA I1~ o2) ,LE(2oo2),IcNAM l;302 ,2),K INBA ~~(13o2),
7 .114(35O),ISTYPE(350 )I l4AM EC 2O ) ,N TEMP (20 ),CMIN,COND ,ERMAX ,1FFEZ ,
•
~ INV FR Q ,IOB~~,I W P ,IT ~ H ,ITCHA ,ITCN T ,IT~ FA Q ,TV IN ,IVOUT, JC9LP .K!NP ,
4 XS TAT ,NROW ,N CU L ,NELE M .N€ TA ,NLELEM, JL E !A ,NUFLCM ,NGETA ,NUL LEM ,
‘ NUETA .SUM INF ,K3
rORMON/ BLOCK/ z!oLzE,zTUL.PV,ZTcoST,NQMaA ,NTP’Ax,P4~MAx,QRo,~ MA ,QBA,

~ 
QF~~,(EO ,QBL ,l~PL .QMI ,UA PQb,QC ,OE ,QF .OG .OH ,WT ,QL .QM ,QN ,QOPQR .0U,QZ

nO 1 00 IXX.2 ,NMR OW S
qMA LL al ,E 70
RIG*.1.E70

LA STU LA (NCOL .1) 1

T FIRST .LA(NROW ’)

nO 200 IXY .IFIRST ,LAST

T F (IA (T X Y 2 .NE.I XX ) GOTO~~00
TF AB S AU XY)) .LT .S MAL L)~~MALL .ABS A u X Y ) )
TF(A R S (A (1XY )) .~?T.BIG)~~1~ *ABS (A (IXY)) 

-

- • 200 rONT INUE
4V *SORT (SMALL ’HLG)
7L240sAL 06 (AV)/ALOG (2.)
12AV .IKT( ZL2AV )
yF (ZL2aV .LT .O ..AN0, L2AV~~ L~ AV .GE ..5), 2AV .L~ *v—
IF(ZL 2AV .GT .°.,AtD .ZL~ M V L ~ AV.GE ..5), ?AV.L lMV.
nIV .’.*’L2AV
~O 300 IXY. IFIRST ,LA SI
TF C I A C lxv ) ,NE . lAX) GOT Q900

4
30o CON T INUE

q ITx X) .B (IX X )/O IV
100 rONT INUE

RE TUPN
FND

*

C— 12

I

- ~~~~~~~~ - - - ~~~~~~~~~~~~~~ - — ~~~~ . .
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~BIS PAGE 
iS BEST QUALITY PRAC~~C~~~~

taDM 0~~X ~~~~~~~~ ~~ ~~~~

cUBROU T INE L INPHG
C

cOMMoN,F IR sT /XLU (1oo ).KNO( 1o o )IKLCln ) ,KRC 1un ).Xc~oEo (1oo),x8EsT
1l10O1. ii I1100 ),CU 1S (11O 0 )PZLST NO (b00).ZL5T~ A~700), LSTKL I7UO ) ,
7 LSTKR (700),ZLSLF3(700) ,IbRVR C Y O O ) , FL A G ( T Q0) ,KBL (3) ,IIBR (3) ,

3VA RP 4A M C 1 0 0 )  ,PRO ~~~A (8) ,MA AV AR ,MA XCUT ,i STMAA,M AX ROW ,MAZ A ,
4 N RPQW! ,N UMV A R ,1C il K (lQU)~~VA L .LFLG
COMPiQN/WORK1/ HI3S0),AI3S0).YC350),YTFMP I~ 5V,,AIS000),E (5QOO),

1 IA 5n0o),IE (5Oc0 ,LA I1~ U2),LE 20O2,,ICNAMtT302,Z ,KINBAh13o2 ,
7 ,JM (350),ISTYPL(350) ,NAME I2O) ,M TEMPI2O T,CM4N, CONO ,ERHAX ,IFFEZ ,
‘ I NV F R Q ,IOB J ,lR o w P ,x TcH ~~ITCHA ,I TCNT .TT~~rRQ, ,V IN ,IV OuT,JCOLp,KTNp,
4 X STAT ,NR OW ,NCUL ,NELEM ,NETA, NLELEN ,NLE !A,N~,FLEM ,NGETA ,NUELtM ,
c NIJETA ,SUHINF ,K3

rOMMON/8 LOCK/ z T c LZ E ,~ i uLpV ,zTcosT,NpM aA ,NTp~ x ,NEMAx ,9Ro ,l.lMA.oRA ,
1 QF T , iEO, QBL ,Ui 1 L ,QMI, WA,Q b ,UC,QE, Q,. OG,QPj ,W y , QL, Q M, QN ,00,QR .QU ,Qz

C
C
C

TTCNT. 0

C S~ T UP S T A H T DG  BAS i S
nO 9100 J$L ,NCOL

9 100 K I N H A S ( J ) * 0
n~ 900 I.1,N

R0 .
TCOL .J M (I)
NLUN ROW

DC 300 K z 1 ,N UM V A R

MR ~KL C K) KRCI W
T F ( ( I C 0 L . G T .ML ) . AI~0 .( IC0 L . LT .MR l ) G 9  I~ 1~~
ML .KR C ic ) +NRO W

3oo CONTINUE 
-

TF( TCOL ,G T ,ML )GO TO 700

~O TO Q00
700 JH (I)~~I
qOO CON TINUE

C
C

1000 CALL II~VE RT
T T S I N V  U 0
C ALL ITEROP (°)

C
C S IMPL EX CYCLE
C
15 00 CA LL FCRM C

CA LL S H I F T R ( 3 ,4 )

~ TC i~zO
17 00 rAIL STRAN

cA LL PRICE -

~F (C HIN •LE. ZICOST) C’O TO 3O0~
IF (XSTAT ,EQ. ~i ) uo TO 2000
xSTA T • Q~ L
GO TO 6000

200 0 MS TA T • QN
~O TO 6000

3000 CA LL UN PACK (JCOLP)

CA LL FT RA N(1 )
F 11)4 A K.

C~-13

p

-~~~~~~~ 
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~O 8000 IU 1,NROW
FWMAX.E RMAX .Y( T )*YTE MM C I I

~ 0OU CONTINUE
OIFXX.CHIN_ER M AA
O IFXX .ABS (OIFXX )
IF (~~IFxX.LEaTcoST) GQ TO BSOo
jP (I(3.NE .1) GO To 8100
P R I N T  9500 ,CMI N.ER MAX

9500 ,ORM4 TC1H ,1OX ,bI .CM INU P
~
ló ,$,S X,lI4F r,MAAs ,~~ié .8)

8100 iF ( ER)4 A X. LE.0 , ) GO TO b500
IF (ITCH .GT.0) GO TO 1000
t TC~.JCOLP
T TCH~aTTCHA .l
CALL SHIFTR( ’,3)
GO TO ilOO

8500 C ONT I NUE
CALL C$UZR
TF(X ST AT .EO.QU)GO TO b OOU
i VOU TU ,IH C IROW P)
IVIN • .JCOLP
CALL UPBE TA
KIN 8AS (JCOL P ) • I~ OWP
K INRA SU VOUT ) . r
JH( TROWP ) • IV IN
TTCN T ITCNT • 1
y TSIi~iV * ITSIN V • 1
CALL ITE ROP ( 1)
T F (NELEM .GT . b000 1 I~~ 10 1000
CA LL W RETA
jF (ITS INV ‘GE. INV FRG ) GO TO loQO
IF (ITCNT ,GE . ITRFR QI GO TO 6U0U
GO TO 1So~

C
6000 cA LL ITEROP (1)

C
C SET PARMS

C
flO 7000 I*l ,NROW

J HXVJ H C I)
y F CJ HX .LE , NROW ) GO IV 6500
W (JwX— NROW ) U)( CI )

6500 CONTIN UE
7000 &ONT TNUE

C
C

VAL .—X (IOBJ)
LFLG *l -

TF (ySTAT .EQ .Q 8L) LFLC’~~’
PR IN1 q600 ,ITC)I A -

96~ 0 FOpM~ T (1H•,108X ,I8HSTA b IL ITY COUN T • ,I~~)
7100 ~ONTINUE

RETURN
FNO

C—i L4
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- THIS PAGE IS ~ZST QUALITY ~~~CT~CABI~

F1~~ ~Ok~Y FUB1US1I~D 70 1I1~Q _—

SUBROUTINE FORMC

(OM MON ,WOR K1 / HI3S0) ,A (3~ O) .YC35 Q ),yrENP C 35(I,,A (SOQ0),E (5OOO),
1 IA (5fl 00) ,IE(5U00) ,LA( 1~~02) ,LEC2OO2 I ,I~ NAM l ,302,2),K1N8AS (I30? .
7 .Jl.4 (35O),ISTYP~.(35O ) ,NAME C2O ) ,NTEM P (20) ,CMI N,COND ,ERM*X ,IFFEZ,
•~ INVF R Q .IOB J ,IHOWP, ITCN P 1TCHA ,ITCNT. T T~ F~ Q ,yV IN ,IV OUT ,JCOLP,KyNp ,
4 XSTA T,NROW ,NCUL ,NELEM ,NETA ,NLELEM ,NLETA ,NlI ,FLEH ,NGET*,NULLEM ,

NUETA, SU MIN F,1c 3
OOMMON,BLOCK/ Z! OLZE ,~~!OLPV ,ZTC OST ,N’? MAA ,NTM AX , NEMA ,~,QRO,~ $A, OBA,

1 OF! ,G EO ,Q HLPOP L ,Q MI ,W A PQW ,UC,QE.O,.OG,QIl,wT ,QL,C1MSGN,00,QR .QU,Q Z
C
C

ySTAIS CF -
IFFF~ • I
nO 1 - 0  I • l,NROb~
VU ) • 0.

100 CONTINLE
qUM • 0.

C
‘-0 m o n I * 1,I~IlOW
ICOL • Jill! )
IF UCOL •Gl . ,~Rrw ) GO 10 50U
iF (ISTYPE C ICOL )) 200,1000,500

C - - -

200 T~ I AHS (X (I)) .LE. ZIULLE) GO TO 1n~ n - -
y F C X (I ) •LT. o.1 Y( I ) •L .
T F ( X C I )  .GT. 0,) ~~ i) •
qU)4 • SUM • A~ S (X(f ))
nO T~ 510

C
500 T F C X (I )  •GT. — ZIOLZE ) GO TO 1OO~

y l f l  • .1 1
çU)4 • SUM — Xl i )510 TFF !7 • 0
XST Ar • QI

1000 CON TTNLJE
C

SUM IN F • SUM
y F UFFEZ ,LE . LI ) GO I V 9000

• 1.
C
9000 RETURN

FND

I

C.-15

4



- -- - -  - - r -

THIS PAGE IS BEST QUALI TY rBACTICIBI4

F1~)M 0021 Y P 2~
ISkI~ ) TO DDC —

SUBROUTINE BTR AN
C

COP4MON/WORK)/ ~I35O ),AI3~ O ).Y (350),yyE$P (35ij),A(5OØQ),~~(5O~ 0),
I IA (Sfl0O) ,IE (50O0),LA(1~ O2).LE (2OOp),Iep4AMI1 3O2 ,2),$c1NBAS (13o? ,,
7 JW 3 !0),IS1YPE(3501 ,NAME (20),N TEMP ,20 ),CMI$, COND ,ERMAX ,!Frrz,
i INVFRQ ,IOBJ ,tMO .P,IIcH.ITCHA ,z TCNy .ITM F~Q ,yv1N ,1vouT ,JcOLp .g !Np ,
~ XST 4T ,NROW ,NCQL .NELEM .P4ETA PNLELEM, I4LE!A ,N U~LEM,NOETA ,NU~ LEM,
~ NUFT A ,SUM IP4F ,113
CON MON ,BLO CK/ 2!OLZE,~~!OLPV ,ZTCOST ,N~MAA ,NTMAX ,NCMAX, QRO ,~ MA. GBA,
I OFI’QEO’Q8L’O!L’OMI’~

IA’Qb’UCPqE.OF.QG’GH.i.~y,GL,~
))4,QN,QOPQp,QU,QZ

C
yF (NETA ‘LE. o~ GO TO 9000
nO 1000 1 • l ,NEIA

• N!TA — I • I
LU a LE -CIK )

• LE (IK ,1 ) —

TP I V • IE ILL )
nP • E (LL )

* Y( 1p IV )
OSIJM • 0,
IF (KK .LE , IL) GO TO 600

• LL L L + 1
nO 500 J • LL ,KK
yR • IE J)
•

OPROD • DE • Y (IR )
nSUi~ • OSUM • D!R0O

5~ 0 CONTINUE
C
600 Y (IPIV ) • (DY — OSUM) / DP

b o o  ~ ON T INU CC
9000 RETURN

FNO

C~-i6
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THIS PAGE IS BLST QUALITY PaA-Crx C.ABLZ
Y1~OM 0021 FUR)~ISII~D TO DDC

SUBROUTINE PRICE

C0MM0N/FI R5T L0(10O )P 0h 10 0 )PKL fl~ )~ K 1Ufl ) ,ACPDE 0U0Ok ,X PE5T
H100),W (1100),CUI S (I100)!ZLSTNO (l0O).ZLSTPAI700), LSTKL (790).
~ LSTKR CT0O).Z LSC HI 700 ) ,IWRVR C 7ö 0),FLA G (7 0O) ,ICBL(31, KBR (3),
3VA RNAM( IO0 ) ‘PROWNAC S) ,MAAVA R ,MA XCUT ,, STMA *PM A~ROW~MA XA ,
4 NMRO W 5 ,NUMVA 1I ,LC$K (1OU) !VAL ,L ~ LG

i~OMMON/WOR K1/ ~
(~ 50),AC 3b 0),Y (35O),y1~ MP(35V),A (50Ø0),~~(5O00),

1 I A(5flOO ),1EC50O 0),LAI 1~ O2),LE (20Op ~~,IcNAM lI3O2 ,?) ,K1N8A~i13O2),
7 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
‘ IN V F RQ ,IObJ ,I RO ,l TL h P IT CM AP I TCNT , I T~ F~~~~IV IN1 IV 0UT ,JC0LP,KTNP ,
4 XS TAT,N ROW, N C OL ,NELE M ,NETA .NL ELEM, NLE!A ,NU ,LEM,NGETA ,NULLEM ,
~ NUET A ,$UM IN F, K3
&OM MON/ BLOCK / Z!OLZE,LT0LPV ,ZTC0ST ,NPMA A ,NTP~AX,NEM A X ,QRO ,~ MA ,O8A .

1 QF+ ,CEO ,QBL , L ,QM I ,GAP QB ,UCPQE ,OF.OG PQM ,111T ,QL ,GN ,QN ,00 P QR ,QU ,QZ
C

JCOLP • 0
CM IN •1.EiO
~~ lo O n 

~ U

tF C J •LE. NROW !AND . L~ T!PE
(J) ,NE, i) GO Tv 1000

IF 1 KINBAS (4) ,NE, 0) GO TO b O o  
-

IF ( IT C H,EQ.J )  GO To 1000
C

OLUNROW

~Q 3~ O Kl1,NUMVAI~
QRUKL ( K )  .NROW
iF (LJ .GT’ QL) .AIO’ (.J!LT!QR)) 60 70 1000
OLU KR (K ) ,NROW

300 &0NT~ NUE
C

IF CJ.13T.QL) G0 TO 1000
OSUM • 0,
LL • LA C J )

XX • LA (J l) — 1

~O 5 00 I • LL .KK
• i R *nE • A C !)

OPROD • DE • Y ( L P )
OSLI M • DSUM • OPPOD

500 i~0NTINUE
~F I0SCiM ‘GE. CHIN) GO TO 10 00
CHIN • DSUM
J C O L P s J

1000 CONT NUE
RETURN
FND

p

I

C~-i7
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SUB ROUT INE SHIFTR (IOL0 .INEW)
C

~O$)4ON ,WORK1 , 8l3S0),Xl3 ~O) ,Yl35O),y rE M !C35u ,,k (5OO0,,E(50OO),
I IA (50OO ) ,If(50OO ),LA(1 ~ 02),LE (2OO 2),ICNAMl, 3O2 ,2, ,KIN8AS (l3O2),
‘ JHC350).ISTYP 3S0 .NAME(20),NTENp t2O),CNIw,CONO ,ERMAx,L~ pr~~,1 INVFRG, 1o8J ,I ROWP, ITCH.ITCilA ,ITCNT .ITI~PRQ, ,VZN ,ivOuT,JcOLp ,KTNp ,
4 XS !AT,NR0W,NC~L,NELEM ,NETA,NLELE$,~JLEIA ,P4lp,LEM,NeET*,NuCl~EM,
S NUETA ,SUM INF ,K3

~OM)4flN/$LO~)ç/ ZTOLZE,~ !OLPV ,ZTcoST,NRNAA ,NTp,Ax,NE,4Ax,QRo,~NA,QBA,I Or~ PGEO P QBLI LPQMIPQAPOBPI) C ,QE ,OF ,OG !Q$ ,wy ,QL’QM ,GN,QO.QR,Qu,QZ
C

OIMEN SION BARH AY (1400 )
FQU !~IALENCE (W *N PAYU ),BC 1))

C
iFO • CIOLD — i l  • P4RMAX
y FN • CINEW— 1) * NRM AA

C
(~O 1CO~ I • 1,NKO*
PARR AY(IFN • I) • BAR M A YCI FO •

100 0 cO NTINUE
RETU~ N
FND

SUBROUTINE U N P A C K C IV )

C
~O$MON ,WORK1 , B(350),AC 3D O ),Y (35Q),y7EMP (35u, ,A (S0o0),E(~~OQo) ,

1 IA (5~ 0O) ,XE (5OC0 ),LA( 1~ O2),LtC2OO? I ,ICNAM% l3O2 ,�),K IN8A ~~Cl~ Op),
p Jk (35o ).X5TYPEC3S 0) .NAME (2o ),N TEMPI Z0F,cMaN, coNc ,,ERMAx ,I,FEz,
~ INV FRQ ,I0BJ ,I RO W P , TIC IC ’L TC ICA , ITCNT,ITIk FR Q .IV IN ,IVOUT ,JCOLP.XINP ,
4 X STAT,N ROW ,NC OL ,NELEM ,NETA,N LELEM ,NL EfA ,N~FLEM ,N GE TA ,NUELEM.
S pdUET *’SUM PW’1c3
ë~OM )4ON,9LOCK/ Z!OLZE,ZTOI.PV ,ZTCOST,N PMA A ,NT M~X ,NEMAX,0RO ,~ MA , OBa ,

1 OF! PCE O PQB L PO PL P OM ItQAP Q B P UC~ QE ,QF ,QGPQM ,W , ,QL.(~M .GN,QO’QR ,OU,OZC
~O 100 1 • 1,NRO~
Y (I) • 0.

100 ~ON rIN L,E
C

LL • LA C IV)
XX • L4 ( 1V ~~I) . I
nO 200 1 •
yR •

• A C !)
2o0 CONTINUE

C
RETURN

C~-i8



p
- ‘ THIS PAGE IS BL~T QUALITY FM~~~CAE-1J~~i~ a ~~~t~isaso ~~

SUBRO UTINE FT RA N C IPA R )
C 

èOMMON,w ORicl / R (350),X(3?O),Y (35O),Y1EM~ (~ 5U,,A (5OO0),E (50OO),
I IA (5oOO ),IE (sooo ) ,LA l1~ o2),LE (2Oo21 ,IcNAMI I3O2 ,2) ,K 1NBaSC13 0?),
~ Jl.4(35 0).!STYP~ C3S0),N*$E (20),P(TENPf2O ) ,CMLN ,CONO ,ERI4AX ,1FFEZ ,
I INV FRO,I OB J. IROW P ,ITCHP ITCMA .ITCNT .!TI~F~ QP ,V INPLV 0UT ,JCOLP ,KTN PI
4 XSTA T ,NR0W ,NCOL ,NEI.~ M ,NETA ,NLEL (M,NLE !A ,N~PFLEM ,NGETA,NUt .LEM.
~ NUET A ,SUMINF ,K3
CO14M0N,8LOCK/ lTcLzE,~~T0LPV, zTcoST ,NQMAA ,NYp ’ax ,NEM*x,QRO ,~ sA, QaA ,

1 QF I ,CEO ’QBL ’QPLPOMI ’~ A P Q8.QC’(~E .QF .QG’QHPUT .QL’QM ,QN ,OO’QR.QU ,QZ
C

GO TO (100 ,110)’IPAR
100 NFE 1

NLE • ‘ ETA
r,0 T0 200

110 ‘j FE • NLE TA • I
NLE • ~ETA

200 IF C~ F! .GT, NL~~) GO 
IU 9000

nO lo On 1K • NF~~,NLE
LL • LE (IK )
Kic • LE(I K .1) — 1
TPIV • IE ILL )

• YC I PIV )
• OY /ECLL )

• DY
i! lic k ‘LE. LL ) GO To
LL~~~L L ’ 1
~O 500 J • LL ,KX
• lEt,.))

YCI R ) • y(1P) — E (J) • DY
500 èON TTNUE
1000 &ONTINUE
9000 cONTINUE

RETU RN
FND

p

t 
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r~
~~IS PAGE IS B~~T QUALITY FBAC ICAB~~
YI~)M COPY FURL1IS1~

D TO DDC

SUBROUT INE CHOiR

C
CONMON/WORI (1/ Bl3S0) ,A(3~~0)PYC350) ,YTEMP (35V),* (500Ø),((50Q~~),

i IA (5O00),IE(5Q0O),LA(1~02),L 2O02,,ICN~M l 1 30Z,2),Iç~N8ASt13O2),7 JM(35o),IsTyPEC3so),NA ME(eo),NTEMP C20),cp4AH,coNo.ERMAX,Irrrz.
3 INV FRQ ,IO 8J ,IkOlP ,IICMh ITCHA ,ITCNT.I TRF~QP ,V IN ,I.VOUT ,JCOLP ,X !NP ,

~ XS1AT ,NROW,NCOI .NELEM ,N~ TA ,NLELEM, NLETA ,NII fLEN ,NGETA,NU~LEM ,
S NU FTA ,SUMI PdF ,X3
~OMMON,8L OcK, Z!0LZE,~~!OLPV,ZTCOST , NQMAA , NTM*X ,N~MAX ,GRO ,~ MA,QB A ,

i OFI’QEO’Q8L’QPL’QM !’~ A ’08.OC !QE ,OF .Q6PQ$,~ I,QL.’(~M ,QN ,QO !QR,0U ,QZ

SELECT P IVO T ROW/VARI ABLE To LEAVE THE bA SIS
C

7TOLC R.1 ,E—4
ZTOL XX.1 .E—10
xM IN~•1 .ElO
XM INZ .l .00
X M 1N3s1 ,E10
T ROW PL .O
1RO WP2.O
7RØwp 3.0

C
~O 2000 IB 1 ,NROW
IF (ISTYPE (I) ,E(~.O) GO !o 2000
yF (ABS (y (!,),L T ,ZTOLCM ) GO TO 2O~ n
IcOL.JM C I)
IF IC0L1LE M 0 . 0 !h1 T E h I ),LT .0~~ Gu TO 100 0
X RA T IO aX( I)/Y ( I)
y F (XPA TIO .LT . ZICLZE ) GOTO2000
TF (YCI ).L T .0.)G VTU2000 -

• TF (
~ R47IO.GT,XM !N1) (10 10 2OO~XM !N I U X R A T IO

T R OWP 1U I
GO TO 2000

C
1000 iF (AB S (X (I)) ,LT .ZTOLZ ~ ) GO TO 1~ o~xRA T~O•X (I /Y(j)

yF (XRAT1O .LT .0 ,) GO TO ?000
i~ (~ R ATIO .GT.XM IP42 ) 110 TO 200~
KM !N2SXRA T IO
1R0WP 2•I
GO TO 2000

C
1500 xxX.ABS (Y (1))

~RATTO .ZTOL*X/ XAX
1~ (XR *TIO .GT ,XMIN3) GO 70 200~
x141N 3 .KRAT IO
y ROwP 3.I -

C
2000 &ON TTNuE

C
C TEST FOP OUT6OING VE CTOR
C

xR A T~0 .XM IN1
T’ (XRA TIO ,LE.XM INZ ) GO TO 3000
T RO W D U TR OW P 2

C~ 2O

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
••

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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THIS PAGE IS B~S~ QUALITY 
rnCTICABII

~~~ p iB ISkIED ro 1)DO —

XRAT!O.X)41N2
C
30o0 jF (XRAT IO .LE.X MIN 3 ) 110 TO 4O0~

IROWP .IROW P 3
XRA T~O .XM IN3C

4000 yF  ( IRO WP . L E ,O ,  X STAT EQ4J
T IR °WP
T~ 1K3 .NE .1) RETURN
PR IN T 9000 ,IRO W P ,X(2),Y(I ) ,JH( j)

9000 FORPXA T (814 IROWP R ,I4.~ A .6HX( I)B ~F 1E .8,2X .6piy (~~). ,F16.8,2x1.71sJHuI . ,14)
RETURN
FND

SUBROUTINE UPâETA
C 

~OMwON,wORK~/ 8 (3S0),AI 3~0),Y (35O),yrEM P (3Su), Al 5ooo ,,E (soQoI ,
~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ JM( 3~ 0),!STYP~~,35O),NAME (20);NTEMP (20I ,CMA N ,CONO ,ERMA X ,I,FEZ
3 INVF RO, I OB IJ . I k O W P , I I C H , I T C H A , I T C N T , I T R F R Q , T VIN , IVO U T , J C QLP , XIN p ,
• XS TA T ,NR OW. NC OL $NELEM ,NETA ,NL ELEM, IW LE I A ,N C.~LEM,N GETA ,NUELEM,

T 5 NU~ TA, SU)4INF ,K3
COMMON /BLOCX/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

QFI ,QEO
~~QBL

IQPL
~~QM I .WA ,Q8.QC,QE,OF .QG,Qi1,II,I,QL ,QM ,QN ,QO ,QR,OU ,OZC

• X CI ROWP )
nP • DE/VI I ROW P)
x C IR Qwp • OP

~O 1000 
~ • 

l,NkOW
IF (I .EG. IROW P) GO 10 1000

~E • X C I)
X tl) • DE — Y (z~~OP

1000 CONTINUE
RETURN
FND

0

C— 21
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T8IS PARE IS B~~T QUAIiI1~Y ?MCTICø~~
c~OPX !W~tUS1f~~ 70 DDC

SUOROUTINE WRETA
C

c0t4$ONIWORIcI/ eI3SO).A(3~Q).Y (3S0),vrEMP(35v,,A~50oo),E(50Oo~,
I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
3 1NVFRQ,IOBJ,IMOWP,!1CH .ITC~4A,!!CNT.IT~P

AQ,TVIN,IVOUT,JCOLP,ICTNP,
4 X$T*T,NROW,NCOL.NE M,NETA,NL.~ LEM,PILE!A,N~ç~EN.NØETA,NUEL~M,
s NUU*,SUMINF 1c3 

-

ëONNON,BLOCK/ ~!OLZE,iTOLPV,ZTCoST,N~MaA ,NTNaK,NENAx,QRo,9MA,o8a,I 0 ,GEO.Q8L~QPL’QMI~
QA .Q8,QC OE,QF.0G’QM,wT,QL.fJM,QN,QO!9R,QU,0Z

C
NELE~M • NELEN • 3
iE (NELEN) • IROWP
~INEj EM~ • Y( IRUtuiP)

C
r~O 100Ô I • 1,NNOW
1F (I JO. IROwP Go TU 1000
TF 

~ 
* 8 S ( Y i I ) )  .L.E. ZT~UE). GO iO io~ o

iJELEN • NELEM • 1
fE (N~L!M) • I
E I N F 1 E N )  •

lOoO CONflNUE
C

NETA • NETA . 3
LE (NET$41) • NeL~ I4 • 1
RETURN

çUBROUTIP4E ITEqOP (Ip*+I)
• C 

~ONMON,W0RK1/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,E(5000,,
I IAcsooo,,IE(sooo),LA(1~oz),LE(2oo2I,1cN~Nt ,3oz,2),KINeA~(1,o2),? JN(3!0),ISTYPE(3S0) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~3 INvFRo.1oeJ,IRowp,!rcH,iTcNa,1TcNT,IT~,~a.tviN,ivouT,JcOI..p,K!Np,4 XSyAT ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
5 NUETA.SUP4INF.1c3
cQMI4oN~aLO~sc/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~1 0,I,QEO.O8L,QPL,QMI,QA,O8,QC.QE ,Q,.OG,QH,~i? ,QL.iQN,QN,00!QR,OU,QZ

C
tF UP*R .EQ.0) GO TO 1090
08J •.x(IOBJ)
yF (FFEZ .EQ. 0 OSJ • ~UNINF

C
TF (K3.NE.1 )RETUKN
wRI r~ (e,eOO 0) I!cNT,xS!a!,oaJ,IvzN,IvoU!,cM&N,

lIJETA ,N!LEM,TIMEI~8000 rURMAT u N ,IS,4**4,ZX,~ 1~ ,8,4*,Ib,4X, I6,4X,Pi6,R,
4
~, 16,18,

~
O To q000

1000 jF(~;.PsE.1,RETu I4~WRITE(€,S100)
8109 ~ORMA T (//8H0ITC0UNT,2A6HSTATUS,4*9Mo~J VALUL.$X,5HVECIN,

5~~HVECOUT
3.11X,2MD,J,12X,4t1NETA ,3A ,~ P$NELEM,4X ,4wTIME )

9000 RETURN

C—22
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~U8R0UT 1NE INVERT
C

COMMON/WORM1/ 0I35O),A(3~
0),Y

~330).vr~
MP(358I,A($I.O),f4SQI0,,

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 J 3,O),I3TYPE 3SOI,NAMt(2O),N!EMP f~ 0I ,~M~N,CONO,CRM*~ ,1FY!Z.
1 INV Fqo,IOeJ,V ~O~p,ITc ’s. ITCMA, !TCpdy .!TI~p’~Q.,v IN,1vOuy,JCoLp,M,pdp.
4 XST A T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
5 NU!T~ ,SUMINF ,i~3rOMMON,BLOCIc/ ZT0LZE,STQLPV,ZTC~ST,pIaMA~ ,NTSS*X,NEM*X,GRO~GMA

,Q8A ,
1 QVt,(~€O.QeL,QPLIQMI,~ *’Q8,QC;~~ ,Oc.OG,QP4,iu11 ,QL,QN,OI4,90

,OR,QU,QZ
C 

-

T NT~ GE! MRCG ,MPEG,V~ EG
r)IM !WST ON i.REG(35O),NHEG~3g0),V~EGt .3S0

)
C
C SET P*AAME T~ R$
C

• 0
NLETA • 0
N G E T A s O
,jUET A • O

IJLCL!M a 0
NGCL~ M • 0

• 0
NABOV E • 0
iE C l , • 1

LR4 • NROW • t
• ~R4 a P~ROW

C
• C PUT SLACKS M D APTIF&CIALS IN P~~T 4 ANt~ REST IN PaRT 1

C
nO 300 I 1~ N~ O~TF (JM (I) •GT. NROW) GO TO So
, R 4.L R4 .,. 1
MR~~3( LR4)  a ,JN(1)
VRE G L ~

4) a J Il(j )
GO yU gO

50 xR~ • ~R1 • 1
VREG(~cPl) • J 1su1 )

90 
~.iRE3( I)  •

• 0
100 

~ONTINuE
C

KR3 • 1R4 — 1
1R3 • LR

C
nO 200 I • LR4,I~~4
• iwEG (I)

‘~ EGlI~~)s  0
J M (T R)  • IR
K INØISI!R) •

200 ~0NT~NuE
• C

C PULL OUT V~cTQRS 8ELOW aUM! ANU GET RO. COUN!$
C

C— 2 3

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ -~~~ . - . ,~.. ••- •~~t~~ - ~~~~ • • — —
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-- -~~~~~~~~~~~~~~~~~~~~~~ 

-

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
JI~ M O(~k~X J ~~~~ 

70DL1~Q ~~~~~~~~~~
-

~8NoNZ~~~KR4— L p 4 . 1
T~ ~KRj ,EQ, 0) GO TO 1190J .L R ~219 jV • VREG (J)
• LAd y)
• LA ( IV • 1) .1

T RCNT . . 0
~O 2’f~ I •
piØNONZ • NBNONZ • 1
yR • lAd! )
IF (MR€ G( IR) .oE. o) ~0 !O 220
TRCNT • IRCNT • 1
HR!0(IR) • HREGIIR) .
1Rp 

~229 CONTINUE
IFURCNT 1) 230,250,100

230 CONTiNuE
IF~~3.EO.1lPRIN! 80008000 iORN~T(16I4OMATpjX SING~L~~
CINRAS (IV) • 0
VREG(~J) • VR~G (cpI,~R 1 • cAl  . 1
yF  

~~~ ,GT. KR1) GO TO ~10
GO y~ 210

C
250 VREO Ln •

KR1 ~ KR1 • 
1

1R3 • LR3 • 1
• vREc~(L

q3) • IV
MRE43 (LR3) • ZAP

a V

• JN (T!p) a IV
K1NBISIIV) • ZAP
yF :; •~ T. acR 1 GO TO !19
GO TA 2iO

309 j F (
~ .GE. KR1) GO TO 319

J • J•l
(0 TO 2 10

C
C PULL OUT REMAINING VECTnRS aBOV, AND BELOW Tt$E
C BUMP AND ESIABLISH MERIT COUP4T~ OF COLUMNSC - •

310 NVR~M • 0
TF(KR1 .EO. 0) ~O TO 1190
j  •

329 1V • VR EG( J)
• LA ( IV )
• LAd y.1) • I

TRCNT • 0
~~ 

g~ O 
~ 

• LL,KIc
y R • IA IT )
TFO4REG(TR) ,NE, •2) GO !0 400

C
C PIVOT ABOVE BUMP (P*RT OF L~C

NABOV E • NA BOVE • 1
TROW~~.IR J: CALL UNPACK I1Y)

C~ 2~4

- 
• •  

. - - -~~ •~~ • - ~A~-”

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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TillS PAOE IS S~~~ ~UAt~1TT P CflCJ~~~

CALL WRETA
WL.CTA • NETA

- • JH (IR) • Iv
KINOAS (IV ) • IA
VREO (1fl • V REG(M~l)KR1 • ~pl • 

I
~VR€M • NVREM • 1
,4REG(!R) • IV
~O TO 940C

400 ~F ($RfG(I R) •GE. 0) ~9 !O 800
IRCNt • IRcNT •1
1Rp • T A

809 CONT~ NUE
C

IF (IRCNT • 1 810.900.1V0O
810 CONTINUE

TF (K3.E0.1)PRIN! 8000
KINB~S (IV) • o

• VREG (KR 1)
NVREU a NVREM • I
KR1 • KAI — 1
T~ 

( .GT. KR1) GO TO 1010

~0 Th 320
C
C PU! VECTOR beLOW 8UMP

• C
900 VREG (J) • VREG KP1)S N~REM • NVREN • I

IRJ  • KA1 • 1
LR3a t..R 3 1
vRE~~LA3) aMREGft.R3) a JHp
HREG (IRP) a 0
JM (yRp) • IV
KIN$AS (IV) • lAP

C
C CwA PGE ROW COUNTS
C
940 nO 950 II • LL,K~71R • lA d!!)

iF (I.4REG(IIR) •GE, 0) GO TO 95~
~REG ’ITR) • p4R E~~(IIR) • 1950 ãONTINUE
iF (J •ST. KR1) GO TO 1040
GO TO 320

1009 yF (J .GE. KA1) 60 TO 1010
a 1J•I

GO TO 320
O 1010 ~F (NVREM .GT. 0) 00 10 310

C
C GET MERIT COUNTS
C
1020 yF (KR~ ,EQ. 0) 00 10 1190

~O i~ 0n ‘J • LRI,KR1
a VREG (J)

IL • LAdI V )
KK • L*UV.1) •

t 
C~-25
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TRIS PlO! IS lEST ~U IT! pR1kCflCA1~
1T
~

~~0~L O~~Y !~J~~LS1~~ 70 DL~Q

TMCNT • 0
~O 1~ SO I • LL,KK
1R a 1*11)
yF (HREG (IR) .GC. 0 GO TO ioso
iNCNT • !NCNT — ($REGI1R ~ •~ i

1059 CONTINUE
MREG (J) • IMCNT

1100 eoNy;NuE
C
C So~T COLUNN~ INTO MERIT OROE~C JSZP4 SMELL SORT
C

ISO a 3
l10~ yF (~R1 •LT. 2.150) GO TO 1108

• 20150
~ V TO 1106

1108 iSD a ISO — 1
C END OF INITIALIZAT 1QN

1101 
~F (ISa .LE. 0) 60 TO h O T

• 1
1102 ySj • ISK

TSL • 15K • ISo
~SY • MREG (ISL)

• VREG (ISL)
11O~ yF (j$Y iLl. MR~G (ISJ)) ~O TO 1104
11 05 tSL ~ iii • ISo,IREG (ISL) a IS~rVR!GU!L) • !SZ

• y S K s ! SK . 1
yF (dISK • ISO) •LE. icH1) GO TO 1102
ySO • (ISO • 1) / 2

• GO T0 1101
3104 TSd. • ILl • ISO

MREG (ISL) a MREGU$J)
VREG (ISL) • VR p~j(~ Sj)
1Sj • ySj — 1So
TF (15 1 sOT. 0 ~O TO 1193
GO TO 1105

1107 CONTfNU
C END OF SONY ROUTINEC
C PU! OUT 8EL~

)W BUM! ETAc (PAR! U~ U)
C
1190 NSLCIC • 0

NBELOW a 0
NELAST • NENAX
NTLAST a NTMAX
IE(NTLAST • 1) • PuELAS ! • 1

C
a LR3

iF (LR~ .GE. LA’4) LA • LN4yF (LA •GT. KR4) GO TO ~0S0
jK •K q4 • 1
nO 2000 JJaLR,KR4
JK • JI( • I
7V • VR~Ø~jIdp
I • MR~G (JK)
NbELOW • NACLOw • 1

C.-2 6



~ 

~~~~~
••

ThIS P~Q5 ~~~T
C01’Y 1R~ØISk~ED 70 DDC

iF (Iv ,~ T. NROW ) 00 TO 1200NSLCI( • NSLCK • 3
1200 IL • LA (IV)

K K • LA( IV. l )  .1
IF (KK •GT. L.L) GO TO 1300

3250 yF (A8$ (A (LL) • I.) •L~.. ZTOLZC) GO TO ?000

p 1300 NUETA a NUETA • 3
nO 1~ O0 j  •
yR • IA(J)
IF (IA .EO, 1 GO TO 1~c0fE (NrLAST)•IR
FINELAST) •
4LAST • NELAST • I
NUEL~ M • NUELEM • 1GO Tn 1400

3390 rP • A (J)
140 0 CONTINUE

TE (NFLAST) • I
r(N!i £51) a EP
i.~~
(NTLAST) • NELAST

NELAST • NELAST • 1
NTL AST • NTLAST • I
NUELEM • NUELEM • 1

2000 rONTTNJE
2050 yF(K03 ‘EQ. o) 60 TO 3500

C
-
• C DO L U  DECOMPOSITION OF 8UMp

C
nO 300n J • LR1,KR1

• 1V a VPEO (J)
CA LL UP PACK ( IV )
CALL FT RAN (2 )
T ROWP • 0

U •99999V
nO 2100 1 a l,NNOU
T~ 

APS (Y (I)) ZLE. ZTOL~V) GO TO 21~ O
yF (MREG(I) .GE,c) 00 !O 2100
1, (IIR!G(I) .I.E. IRCNIN) 00 TO 2100
IRCMIN • HREG (I)
yROw~ • I

2100 CONTINUE
• IF UROWP ,GT. 0) 00 TO ZlSo

!F(K 3.E0.1)PRI,w T $000
KIN8~S(IV) 

a 0
GO TO 3000

C
21,0 fNCP • MREG (IROWP) • 3

C
• C - WRITE L AND U ETAS

C
,F (j  sEQ. KA l )  GO TO 21?0

• NELEN • NELEM • I
F TEdNILEM ) •

F (NELEM) • Y (IROhP)
2169 nO 2~ Ofl I • l,N~ OW

• IF (1 •EQe IROWP ) 
~o 

TO 2300
yF~ A B S ( Y ( I)) .LE~ ZTOLZE) 00 !o 23a

C.r27I. 
_ _ _ _ _ _ _  
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~~~~~ ~~~~~ ~~ BEST ~~~~~~~

~~~~~ J f l~~LS1~A~D 70 D~~Q -.——

tF (MR~G(I) ‘GE! 0) ~O TO 2200
c
C L ETA ELEMENTS
C -

NELEM • NELEM • I
f E(w.I, !N) a I
FINEI EM) • Y(I)
~O Tn 2300

C
C U ETA ELEMENTS
C
2209 TEdNELAST) • I

r’INE, AST) • Y(I)
P4ELA~T • P4CLAST • 1
NOELEM • NUELEM • 1230 0 ~OPuTINU(

C
JN (IPOWP) • IV
KINBAS (IV ) • IROWP
NUETA • NUETA • I
yE (NpLAST) a IAOWP
yF ~ ,NE. KR1) GO TO 2330
F (NELAST) • Y(I~ OWP)(0 TO 2340

2339 F (NELAST • 1. • 

-

$14 • NET A • I
LE(NETA•1) • NELEM . I

2349 NUELEN • NUELEM • 1• LE( NT LA ST ) • N E L AST
IJEL AST • NELAST • 1
NILAST a NTLAST • 1

• C
C UPDATE ROW COUNTS
C

nO 23S~ I •
yF ( A8$(Y(j)) !LE, ZTULZE) GO TO 23’~yF (MREG(I) .GE. O~ G~ TO 2350HREG ’I) • puREG (I) • INCA
I’ (PIREG (I) .GE~ 

0) MNEG (Z) a •1
2359 CONTINUE 

-

~4REG(IAOWP) a o
3000 ~ON1INUEC

C MERGE L AND U ETA~ 
I -~

3500 NI.ETA a NETA
IJETA • NLETA • NUETA
NLELEM a NELEM
~ELEu • NLELEN • NUELEMIF (NUELEM sEQ. 0) GO TO 3550
CALL SNFIE

C
C INSERT SLACKS ~OR OELETFO ço~~MwsC

• 3559 nO 3600 I • 1.r~~OWiF (J t4 ( I)  •NE. 9) 00 TO 36O~J I l ( I )  0 I
TROW P . I

C—28
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• ~~~~ QUALm PB TICAEZ
• 1~~~M 0(1?! J ~~IU$1~~D TO DL~Q ._. —

CALL UNPACK(I)• cALL FTRA NU)
CALL WRETA

3609 ~ONTINuEC
C • UPD~T E XC

CA LL Si.IFTR (1,3)
cALL FTRAN (l)
CALL SMIFTR (3,2)

C
C Pi~1~ T STaTI~ TICS
C

NOFO a NELEM — NETA
NSTP • NROW • N~LCKT F(K3.I E.1)RCTU NP~W R!Tc (6 ,500)NBNOP,Z,NSTR.NASOV ESN$ELOU.NLEL.EM .NLETA ,NUELEM!NUETA,
I NOFD,NETA

500 FOPMAT( 18PtOINVERT STATIS!ICS/1M ,14,14H NON’ IN BASIS/IN !14,
128H STRUCTURAL cOLUMNS IN BASIS/iN ,,4.19N V,CTORS ABOVE BUMp/iN .a 
~T4,19I4 VECTORS BELOW WUM~/3H L$ ,I5,~ i.i NONZ.15,SH LTAS/3p4 UI,15,
~cM NONZ~ I5,5H E!AS,$M !0!ALSI,I5,14~ OF~ 

DIA~ NONZ,15,5H I!AS )5

’ C
RETURN
cNO

• SUBROUTINE SNFTL
C

COMMON/WORK1/ 8(3S0),A (3~0),Y(350),YrEMP (35U),A(5OOO),E (SO0O),I 1Ac5ooo,,zE (sooo),LA(13o2),LE (2oo2,,IcN~MI,3oe,2),KzNsasd13o2),7 JN(350),ISTYPE (350),NAME (20),.1TEMP (2O ,CMAN ,CCNO,ERMAk,IFF,Z,
, INvFRo,Ios~ .IKowp,I;cNsITcsA,ITcNT .IT~F~ o.yv1N,lvoUy,JcoLP.KTNp ,4 XSTAT ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
c NUETA ,SUMINF ,1c3 

— _ -

COMMON/BLOCK/ ZTO LZE ,Z!OLPV,1TC OST ,N~ MAX,NT N*X ,N~NAX ,QRO ,UNA ,Q8A ,
t QFT,~EO,O8L,QPLsQMI,UAsQb,OC,QE ,OF.oG,QM,wt,QL,QN,QN,QO

,QR,QU,QZ
C
c SMIPT lE AND E OF U ELFUENIS
C

NF a NEMAX — NUELCM • 1
INCA .0
no loon I a NF,NEMAX

4 TNCR a INCp~~ 1
TE(IJLELEM • INCH) • IE(I)
E(NLrLEN • INCA ) ‘ Ed - i )

1000 
~ONTfNUEC
IDIF • NEMAX • NLELE$ • NUELEM
• NIMAX • NUETA • 1

•
nO 2000 ~ 

a NF,NTMAX
yNCR u INCR • 1
LE NLETA • INCA ) • LE(I) • IUIF

20o0 ~ONT!NUEIE(NET$.1) • NEt EN • 1
RETURN

• rND

qUBROUTINE GETP,1I(I,J,A,F)
RETURN
FNO 0— 2 -9

• 
_ _ _  _ _  _ _ _ _  
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